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Suggested readings

e Evan Chen’s advice On reading solutions, available at https://blog.
evanchen.cc/2017/03/06/on-reading-solutions/.

e Evan Chen’s Advice for writing proofs/Remarks on English, available at
https://web.evanchen.cc/handouts/english/english.pdf.

e Notes on proofs by Evan Chen from OTIS Excerpts [Che25, Chapter 1].

e Tips for writing up solutions by Edward Barbeau, available at https:
//www.math.utoronto.ca/barbeau/writingup.pdf.

e Evan Chen discusses why math olympiads are a valuable experience for
high schoolers in the post on Lessons from math olympiads, available at

https://blog.evanchen.cc/2018/01/05/1lessons-from-math-olympiads/.
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§1 Using identities

Example 1.1 (India RMO 2004 P3). Let a and 8 be the roots of the quadratic
equation 22 + ma — 1 = 0, where m is an odd integer. Let \,, = o™ + ", for
n > 0. Prove that for n > 0,

1. A, is an integer, and
2. ged(Apy Apg1) = 1.
Solution 1. For any positive integer n, note that
(a+B)(a" + ") = o™+ " af(a T+ 5T,
which implies that

ot B = (a + B)(" + B") — aB(a” Tt 4+ 87T
—m(a” + ") + (" 4 5",

which yields that
)\n-‘rl = —mA, + An_1. (1)

For any integer n > 1, let P(n) denote the statement that Ag, A1,..., A\, are
integers, and ged(A,—1,A,) = 1 holds. Note that A\ = 2, \; = —m. Since
m is an odd integer, it follows that P(1) holds. Assume that the statement
P(k) holds for some positive integer k. Using Eq. (1), and using the induction
hypothesis, it follows that Axy; is an integer. Using Eq. (1) once again, note
that any common divisor of Ay and Ax41 divides A\;p_1, and hence is also a
common divisor of A;_1, Ax. Applying the induction, we conclude that the
integers A\ and Agy1 are relatively prime. This proves that P(k+ 1) holds. By
the principle of induction, the statement P(n) holds for any positive integer n.
This completes the proof. |

Exercise 1.2 (Flanders Mathematical Olympiad 2005 P3, AoPS). Prove that
20052 can be written in at least 4 ways as the sum of 2 perfect (nonzero)
squares.
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Walkthrough —
(a)

Solution 2. Note that 2005 = 5 - 401 holds, and 5,401 are primes. Observe
that 5 = 12 + 22 and 401 = 12 + 202 hold. This gives
20052 = (5 - 40)% + (5 - 399)?
= (3-401)% + (4-401)*.
Using the identity
(a® + b*)(* 4+ d?) = (ac — bd)* + (ad + be)?,
we obtain
52 =32 442, 4012 = 3992 4 402
Using the above identity once again, it follows that
2005% = 5% - 4012
= (3% 4 4%)(40? + 399%)
= (3-40 —4-399)% + (3399 + 4 - 40)*
=(3-40+4-399)% + (3-399 — 4 - 40)°.
This yields
(5-40)% + (5 - 399)*
= (3-401)% + (4-401)?
= (4-399 —3-40)% + (3-399 4 4 - 40)?
= (3-40+4-399)% + (3399 — 4 - 40)%.

Note that the above four ways of expressing 20052 as a sum of two nonzero
perfect squares are distinct'. ]

Example 1.3 (India RMO 2006 P6). Prove that there are infinitely many
positive integers n such that n(n+ 1) can be expressed as a sum of two positive
squares in at least two different ways. (Here a? 4 b? and b? + a? are considered
as the same representation.)

Walkthrough —

(a) Note that if two integers can be expressed as sum of two squares, then
their product can also be expressed as a sum of two squares.

(b) Also note that if n is a perfect square, then the product n(n +1) is a
sum of two squares.

How does it follow? Can one avoid computations to see this?

Some style files, prepared by Evan Chen, have been adapted here. 3
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(c) If n is a perfect square, and it is a sum of two squares, that is, if n = m?

and n = a? + b2 hold, then
n(n+1) = (m?)? +m? = (am — b)* + (a + bm)>.

(d) Note that the perfect squares which are sum of two (nonzero) squares
correspond to the Pythagorean triples, which are precisely the triples of
the form, (:c2 = y2, 2xy, z2 —&—yQ)7 or (2zy, z? — y2, z2 + yz)7 where x,y are
integers satisfying z > y > 1.

Solution 3. Let k be a positive integer. Note that
(K* —1)% 4 (2k)? = (K* + 1)?

holds. Put n = (k? 4+ 1)2. Observe that n is a perfect square, and n is a sum
of two squares. Note that the integer n(n + 1) can be expressed as a sum of
two squares as

n(n+1) = ((k* +1)%)* + (k" + 1) (2)
Using the identity
(a® + %) (c? + d?) = (ac — bd)* + (ad + be)?,

it follows that the integer n(n 4+ 1) can also be expressed as a sum of two
squares as

n(n+1) = ((k* = 1)(E* + 1) — 2k)? + (k% — 1+ 2k(k* +1))?,
that is, as
nin+1) = (k* — 2k — 1)% + (2K + k2 + 2k — 1)% (3)

It suffices to find infinitely many positive integers k such that Eq. (2), Eq. (3)
provide two different expressions of n(n + 1) as a sum of two positive squares.
Since the polynomials k* — 2k — 1, 2k3 + k% 4+ 2k — 1 have degrees higher than
the degree of the polynomial k2 + 1, it follows that for large enough values of
k, the inequalities
B =2k — 1>k 4+ 1,23+ k> + 2k —1> k> +1

hold. Indeed,

k* k* k*
Yok —1—- (K +1)= | — —k? ——2 — -2
k k (k* +1) (3 k>+(3 k>+<3 )

>0,
23+ k2 42k —1— (P +1) =2k —1+2k—1
>0

hold if k > 2. Hence, for any integer k > 2, putting n = (k% + 1), it follows
that n(n + 1) can be expressed as the sum of two positive squares in at least
two different ways. [ ]

4 The content posted here and at this blog by Evan Chen are quite useful.
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