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e Evan Chen’s advice On reading solutions, available at https://blog.
evanchen.cc/2017/03/06/on-reading-solutions/.

e Evan Chen’s Advice for writing proofs/Remarks on English, available at
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e Notes on proofs by Evan Chen from OTIS Excerpts [Che25, Chapter 1].
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e Evan Chen discusses why math olympiads are a valuable experience for
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§1 Congruences

§1.1 Infinitude of primes

Exercise 1.1 (Belarus National Olympiad 2024 Grade 11 Day 2 P6, AoPS,
by I. Voronovich). Let 2 = p; < ps < -+ < p, < ... be all prime numbers.
Prove that for any positive integer n > 3 there exist at least p,, + n — 1 prime
numbers, that do not exceed p1ps...pn.

Walkthrough —

(a) Consider the numbers

P1,P2,. .., Pn—1,
P1p2..-Pn—1 — 1,2p1p2 .. .pn—1 — 1,
3pip2.. Pn—1—1,...,pnp1p2 .. .Pn—1 — 1.

(b) Show that these are pairwise relatively prime.

Solution 1. Let n > 3 be an integer. Note that the integers

P1P2---Pn—1— L,2p1p2...pn—1 — 1,3p1p2...pn_1—1,...,pup1p2. . P11 — 1

are pairwise relatively prime. Indeed, if a prime p divides two of them, say
apipz..-pn—1— 1l and bp1ps...pr_1 — 1 with 1 < a < b < p,, then p divides
their difference (b — a)pipa...pn—1. Since p cannot be any of the primes
P1,P2, .-+ Pn_1, it follows that p divides b — a. Since 1 < b —a < p,, we
conclude that p < p,, that is, p is one of the primes p1,ps,...,pn_1. However,
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this is impossible since none of these primes divides apps...p,_1 — 1. Thus,
the numbers

pip2 - -Pn—1— L,2p1p2. . .Pn—1 — L,3p1p2 .. . pn—1— 1, . pap1D2 - D1 — 1

are pairwise relatively prime. Since n > 3, we obtain

PiP2---Pn—1—122pp1—1>py_1.
This implies that the numbers

P1,P2,---,Pn—1,
p1p2---Pn—1— 1,2p1p2. . .pp—1 — 1,
3p1p2. - -Pn—1— 1, pap1P2 - D1 — 1,

are all distinct and greater than 1. Moreover, these p, +n — 1 numbers are
pairwise relatively prime. Therefore, each of them has at least one prime divisor,
which does not divide any of the other numbers. Since all these numbers are
less than or equal to pips . ..pn, we conclude that there are at least p, +n — 1
distinct prime numbers that do not exceed p1ps ... pn. |

§1.2 Divisibility

Exercise 1.2 (Columbia National Olympiad 2025 P1, AoPS, proposed by
Santiago Rodriguez). Determine all permutations aq, as, . . ., a5 of the num-
bers 1,2,...,2025 such that the integer a; — a; is divisible by j — 4 for all
1 <4 <5 <2025.

Walkthrough —

(a) Let ai,asz,...,a20:2s5 be a permutation of the numbers 1,2,...,2025 such
that a; — a; is divisible by j — 4 for all 1 <14 < j < 2025. Show that if
a1 < az02s, then a; = i holds for all 1 <4 < 2025.

(b) Show that the permutation 2026 — a1,2026 — az, ..., 2026 — a2925 also
satisfies the same divisibility condition.

(c¢) Conclude that the only two permutations that satisfy the divisibility
condition are the identity permutation 1,2,...,2025 and the permutation
2025,2024,...,1.

(d) Note that if a1, as, ..., a02s is a permutation of the numbers 1,2, . .., 2025
satisfying the divisibility condition, then so is the permutation 2026 —
ai, 2026 — az, ..., 2026 — a2025-

(e) Conclude that the only two permutations that satisfy the divisibility
condition are the identity permutation 1,2, ...,2025 and the permutation
2025,2024,...,1.

Solution 2. Let aq,as, ..., ass be a permutation of the numbers 1, 2, . .., 2025
such that a; — a; is divisible by j —4 for all 1 < ¢ < 5 < 2025.

6 The content posted here and at this blog by Evan Chen are quite useful.
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Claim — If ay < agg25, then a; = ¢ holds for any 1 < i < 2025.

Proof of the Claim. Note that asges — a1 is divisible by 2024. Using that
a1 < as025 and that ag025 — a1 S 2024, we obtain that a; = 1 and aL2025 — 2025.
Let 1 < ¢ < 2024 be an integer such that ap = k for all k < i. If i = 2024,
then we have that a;11 = ag925 = 2025 =i + 1 and we are done. It remains to
consider the case when ¢ < 2024, which we assume from now on. Note that
2025 — a1 = G2025 — a;+1 18 nonzero, and it is divisible by 2025 — i — 1. Also
note that a;11 > ¢+ 1. This yields

2025 —1—1<2025 —a;41 <2025 —7—1,

and thus a;y; = i + 1. By induction, we conclude that a; =i for all 1 <14 <

2025. O
Note that
2026 — a1,2026 — as, . .., 2026 — asg2s
is also a permutation of the numbers 1,2,...,2025 and satisfies the same
divisibility condition. By the above claim, we have that
a; =1
holds for all 1 <14 < 2025, or that
2026 —a; =1
holds for all 1 <7 < 2025. This proves that the permutation ay, as, ..., asg2s is

either the identity permutation 1,2, ...,2025 or the permutation 2025, 2024, ..., 1.
Since both of these permutations satisfy the divisibility condition, we conclude
that these are the only two permutations that satisfy the condition. |

§1.3 Factorization

Exercise 1.3 (Putnam 2018 B2, AoPS). Find all ordered pairs (a, b) of positive
integers for which

Walkthrough —

(a) Rewrite the equation as
(3a — 2018)(3b — 2018) = 2018°.

(b) Note that 2018 = 2 x 1009, where 1009 is a prime.

Some style files, prepared by Evan Chen, have been adapted here. 7
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I (¢) Use congruence conditions modulo 3.

Solution 3.
[ |

Exercise 1.4 (Belarus National Olympiad 2025 Grade 11 Day 2 P5, AoPS, by
V. Kamianetski). Find the smallest positive integer n such that both n® —n
and (n +1)% — (n + 1) are divisible by 2025.

Walkthrough —

(a) Let n be a positive integer such that 2025 divides both n® — n and
(n4+1)% — (n 4 1). Show that n(n + 1) is divisible by 3* and 5.

(b) Conversely, show that if n(n + 1) is divisible by 3* and 5%, then 2025
divides both n® —n and (n 4 1) — (n 4 1).

(c) Find the smallest positive integer n such that n(n 4 1) is divisible by 3*
and 5°.

Solution 4. Let n be a positive integer.
Assume that 2025 divides n3 — n, and 2025 divides (n +1)% — (n +1). It
follows that 2025 divides the difference

(n+1)2=(n+1)—(*=n)=3n>+3n=3n(n+1).

Note that 2025 = 3% - 52. Observe that 3% divides 3n(n + 1), and hence, 33
divides n(n + 1). This shows that 3 does not divides n — 1. Since 3* divides

n3 —n=n(n—1)(n+1),

it follows that 3% divides n(n + 1). Similarly, since 52 divides 3n(n + 1), it
follows that 5% divides n(n + 1).

Also note that if n(n + 1) is divisible by 3* and 52, then 2025 divides n® —n
and (n+1)% — (n+1).

This shows that 2025 divides both n® —n and (n+1)3 — (n+ 1) if and only if
n(n + 1) is divisible by 3* and 5. Hence, we need to find the smallest positive
integer n such that n(n+ 1) is divisible by 3* and 52, or equivalently, one of the
integers n,n + 1 is divisible by 3%, and one of the integers n,n + 1 is divisible
by 52.

The smallest positive integer n such that 3% divides n and 52 divides n is
3% .52, The smallest positive integer n such that 3* divides n and 52 divides
n+11is 3* -4 = 324. The smallest positive integer n such that 3* divides n + 1
and 52 divides n is of the form 3% - z — 1 for some positive integer = such that
25 divides 3% -2 — 1, and hence z = 21 (mod 25), which shows that the smallest
such positive integer n is 3* - 21 — 1 = 680. The smallest positive integer n
such that 3* divides n + 1 and 52 divides n + 1 is 3* - 52 — 1 = 2024.

8 The content posted here and at this blog by Evan Chen are quite useful.
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This shows that the smallest positive integer n such that 2025 divides both
nd —mnand (n+1)3 — (n+1) is 324. [ ]

Exercise 1.5 (British Mathematical Olympiad Round 2 2015/16 P4). Suppose
that p is a prime number and that there are different positive integers u and v
such that p? is the mean of u? and v2. Prove that 2p — u — v is a square or
twice a square.

Walkthrough —
(a)

Solution 5. Since p? is the mean of u? and v?, we have

u? + 0% = 2p°.

Multiplying both sides by 2, we obtain
(u—v)?+ (u+v)* = (2p)*.

This yields
(2p —u—v)(2p+u+v) = (u—0v)?

Let n be an odd positive integer dividing both 2p —u — v and 2p 4+ u 4 v. Then
n divides their sum 4p and their difference 2(u + v). Since n is odd, it divides
p and u+ v. As p is prime, we have n =1 or n = p.

Let us consider the case that n = p. Note that p divides u + v and u — v.
Since p is odd, it divides both u and v. Since v and v are distinct positive
integers, this implies that

u? 4+ 0% > 2p?,
which is a contradiction. This shows that n = 1, and hence, 2p — u — v and
2p + u + v admit no common odd positive integer divisor other than 1. It
follows that there are nonnegative integers a and b, and relatively prime odd
positive integers m and n, such that

W —u—v=2%m, 2p+u+v=2"n.

Since 2%t*mn is a perfect square, we have that a + b is even and both m
and n are perfect squares. This proves that 2p — u — v is a square or twice a
square. |

Exercise 1.6 (British Mathematical Olympiad Round 1 2012/13 P4). Find all
positive integers n such that 12n — 119 and 75n — 539 are both perfect squares.

Some style files, prepared by Evan Chen, have been adapted here. 9


https://bmos.ukmt.org.uk/home/bmo2-2016.pdf
https://bmos.ukmt.org.uk/home/bmo1-2013.pdf
https://github.com/vEnhance/dotfiles/blob/main/texmf/tex/latex/evan/evan.sty
https://web.evanchen.cc/otis.html

https://jpsaha.github.io/MOTP/

Walkthrough —
(a)

Solution 6. Let n be a positive integer such that 12n — 119 and 75n — 539
are both perfect squares. Let a,b be nonnegative integers such that

12n — 119 = a?, 75n — 539 = b.
This yields

(5a)% — (2b)? = 5% - 12n — 5% - 119 — 22 - 75n + 2% - 539
=22.420 — 119 (25 — 4)

=21- (80 — 119)
=-21-39
=-32.7-13,

and this gives

(2b — 5a)(2b + 5a) = 3* - 7 - 13.
Note that the factors on the left-hand side are both positive integers differing
by a multiple of 10. Also note that 3,13 are congruent to 3 (mod 10), and 7 is

congruent to —3 (mod 10). This shows that (2b — 5a, 2b + 5a) is equal to one
of the following pairs:

(3,3-7-13),(7,3%-13),(13,3%-7),(3-7-13,3),(3%-13,7),(3% - 7,13).

Since a is nonnegative, we have 2b + 5a > 2b — ba, so we only need to consider
the first three cases. In the first case, note that 3 divides 10a, and hence 3
divides a. In the second case, we have a = 11. In the third case, we have a = 5.
Since 12n — 119 is equal to a?, and 3 does not divide 119, we have that a is
not divisible by 3, and hence a is equal to one of 11,5. If a = 11, then

a2+1197112+1197240720
2 12 12 7

and if a = 5, then

@ +119 _ 57+ 119 _ 144
2 12 12 7

Observe that
12-20 — 119 = 121 = 112,

and
7520 — 539 = 1500 — 539 = 961 = 312

hold. Also note that
12-12 — 119 = 25 = 52,

10 The content posted here and at this blog by Evan Chen are quite useful.
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and
7512 — 539 = 900 — 539 = 361 = 192

This proves that n = 12,20 are the only positive integers such that both
12n — 119 and 75n — 539 are perfect squares. |

Exercise 1.7 (British Mathematical Olympiad Round 1 2023 P4). Find all
positive integers n such that n x 2" 4+ 1 is a perfect square.

Walkthrough —
(a) Write n x 2™ 4 1 = k? for some positive integer k.
(b) Rearranging gives n x 2™ = k%> — 1 = (k — 1)(k + 1).
(c) Show that k — 1 and k 4 1 are consecutive even integers.

(d) Using that one of kK — 1 and k 4 1 is not divisible by 4, show that one of
k—1 and k + 1 is divisible by 2"~".

(e) Deduce that n < 4.

Solution 7. Let n be a positive integer such that n x 2" + 1 = k2 for some
positive integer k. Rearranging gives

nx2"=(k-1)(k+1).

Since the product (k — 1)(k + 1) of the consecutive integers k — 1 and k + 1 is
even, it follows that £ — 1,k + 1 are both even. Thus, we can write k — 1 = 2a
and k 4+ 1 = 2b for some positive integers a and b with b = ¢ + 1. Note that
the greatest common divisor of the integers k£ — 1 and k + 1 is 2. Therefore,
the greatest common divisor of the integers a and b is 1. This shows that at
least one of the integers a and b is odd. Consequently, one of the integers k — 1
and k + 1 is divisible by 27~!. This shows that

n x 2" >2nten—t _9)

holds, which simplifies to n > 2"~2 — 1. Using induction, it follows that
2m~2 > m + 1 holds for all integers m > 5. Therefore, we have n < 4. Note
that n is not equal to any of the integers 1,4. Moreover, if n = 2, then
n X 2"+1 =9, which is a perfect square. Finally, if n = 3, then n x 2" +1 = 25,
which is a perfect square. Thus, the only positive integer n such that n x 2" 41
is a perfect square is n = 2 and n = 3. ]

Exercise 1.8 (British Mathematical Olympiad Round 2 2017/18 P3). It is
well known that, for each positive integer n,

13+23+~--+n3=( 5

Some style files, prepared by Evan Chen, have been adapted here. 11
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which is a perfect square. Determine whether or not there is a positive integer
m such that
(m+1>%+(m+2)>3+- 4+ (2m)?

is a perfect square.

Walkthrough —

(a) Let us assume that there exists a positive integer m such that the sum
(m+1)%+ (m+2)%+ -+ (2m)® is a perfect square.

(b) Considering congruences modulo 4, show that m must be odd.
(c) Write m = 2n + 1 for some non-negative integer n.
(d) Consider the greatest common divisor of 3n + 2 and 5n + 4.

(e) Using congruences modulo 3 and 5, obtain a contradiction to show that
there is no such positive integer m.

Solution 8. Let m be a positive integer such that
(m+1)3+(m+2)>+-- + (2m)3
is a perfect square. Write
(m+1)°+ (m+2)°+- + (2m)* = k?
for some positive integer k. Using the formula for the sum of cubes, we have
E2=(m+1)>24+ (m+2)3+--+(2m)?
=P +2° 4+ +(2m)*) - (PP +2° +- -+ m?)

_ (2m(272n—|- 1))2 B (m(m2+ 1)>2

(m(2m +1))? - (m(mj”)

1 1
m?2 <2m+1—m;_) (2m—|—1+m;_)

m2

4

(3m 4 1)(5m + 3).

This shows that
(B3m +1)(5m + 3)

is a perfect square. Since (3m + 1)(5m + 3) is congruent to —(m — 1)? modulo
4, it follows that m is odd. Write m = 2n + 1 for some non-negative integer n.
We obtain

k* = m?(3n + 2)(5n + 4).

12 The content posted here and at this blog by Evan Chen are quite useful.
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Note that the greatest common divisor of 3n + 2 and 5n + 4 divides 3(5n +
4) — 5(3n + 2) = 2. This shows that the integers 3n + 2 and 5n + 4 are the
squares of two coprime positive integers, or, these two integers are twice the
squares of two coprime positive integers. In the first case, there exist coprime
positive integers a and b such that

3n+2=a? bHn+4=>%

Eliminating n gives

5a% — 3b% = —2.
Reducing this equation modulo 3 gives a? = 2 (mod 3), which is impossible.
In the second case, there exist coprime positive integers a and b such that

3n+2=2d% b5n+4=2b

Eliminating n gives

5a% — 3b% = —1.

Reducing this equation modulo 5 gives 3b> = 1 (mod 5), which implies v? = 2
(mod 5), which is impossible. This shows that there is no positive integer m
such that

(m+1)° + (m+2)° +- + (2m)°

is a perfect square. |

Exercise 1.9 (British Mathematical Olympiad Round 1 2006/7 P6, Moscow
Mathematical Olympiad 2024 Grade 11 Day 2 P3 by T. A. Garmanova, folk-
lore?). Let n be an integer. Show that, if 2 4+ 2v/1 + 12n? is an integer, then it
is a perfect square.

Walkthrough —

(a)

Solution 9. Assume that 2 + 2v/1 + 12n? is equal to an integer k. Then we
have
4(1 +12n?) = (k — 2)%.

This shows that & — 2 is even, and hence so is k. Let k = 2m for some integer
m. We obtain
1+ 12n% = (m — 1),

which can be rearranged to give
12n2 = m? — 2m.

This shows that m is even. Write m = 2r for some integer . Then we have

2

3nt=r?—r=r(r—-1).

Some style files, prepared by Evan Chen, have been adapted here. 13
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Note that r and r — 1 are consecutive integers, and hence they are coprime.
If 3 divides r, then from the equation above, and that r,» — 1 are coprime, it
follows that r — 1 is a perfect square, which implies —1 is a quadratic residue
modulo 3, a contradiction. Therefore, 3 does not divide r.

Using

3n? =r(r—1)

and that 3 does not divide r, it follows that r is a perfect square'. Since
k =2m = 4r,

we conclude that k is a perfect square. This implies that 2 + 2v/1 + 12n2 is a
perfect square. |

Exercise 1.10 (British Mathematical Olympiad Round 2 2008/9 P1). Find
all solutions in non-negative integers a, b to

Va4 Vb = v/2009.

Walkthrough —
(a)

Solution 10. Let a,b be nonnegative integers satisfying /a + Vb = /2009.

Note that
Va = /2009 — Vb

holds. Squaring both sides, we get
a = 2009 + b — 2v20095.

This gives
4-2009b = (2009 + b — a)*.

This implies that 4 divides (2009 + b — a)?, and hence 2 divides 2009 + b — a.
It follows that 2009b is a perfect square. Since 2009 = 72 - 41, we obtain that
41b is a perfect square. Similarly, it also follows that 41a is a perfect square.
Thus, there exist nonnegative integers m,n such that

a=41m?, b=41n>
Substituting these into the original equation, we get

VAIm + V41n = v/2009 = 7V/41,

which simplifies to
m4+n=".

1How does it follow?

14 The content posted here and at this blog by Evan Chen are quite useful.
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Moreover, if m,n are nonnegative integers satisfying m +n = 7, then
V41m?2 + V41n? = V41(m + n) = 7V41 = V2009

holds. Therefore, the solutions in nonnegative integers (a,b) to the original
equation are given by
(a,b) = (41m?,41n?)

for nonnegative integers m, n satisfying m + n = 7. Equivalently, the solutions
are given by
(a,b) = (41m?,41(7 — m)?)

form=20,1,2,...,7. |
Exercise 1.11 (I0QM 2023 P11, AoPS). A positive integer m has the property

that m? is expressible in the form 4n? — 5n + 16 where n is an integer (of any
sign). Find the maximum possible value of |m — n|.

Summary — Write the equation m? = 4n® — 5n + 16 as a quadratic poly-
nomial in n. Note that its discriminant is a perfect square. Obtain a suitable
factorization.

Walkthrough —

(a) Let m,n be integers satisfying m? = 4n? — 5n + 16, or equivalently,
4n® — 5n + (16 —m?) = 0.

(b) Since n is an integer, the discriminant of the quadratic polynomial 4n? —
5n+ (16 — m2) in n is a perfect square, that is, there exists a nonnegative
integer ¢ such that

25 — 16(16 — m?) = £,

or equivalently, 16m? — £? = 231, which gives
(4m — O)(4m +0) = 3-7-11.

(c) Note that 4m — ¢,4m + £ are odd and hence congruent to 1, —1 modulo
4 (in some order). Also note that 4m — £ < 4m + £ holds.

(d) This shows that (4m — £,4m + £) is equal to one of
(1,3-7-11),(3,77), (7,33), (11, 21),

and consequently, 8m is equal to one of 232, 80, 40, 32, which shows that
m is equal to one of 29, 10,5, 4.

(e) If m = 29, then 4n® — 5n — 825 = 0, which gives n = 15.

(f) If m = 10, then 4n® — 5n — 84 = 0 holds, which gives n = —4.

Some style files, prepared by Evan Chen, have been adapted here. 15
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(g) If m =5, then 4n* — 5n — 9 = 0 holds, implying n = —1.
(h) If m =4, then n = 0.

(i) Conclude that the maximum possible value of |m — n| is equal to 14.

Solution 11. Let m be a positive integer and n be an integer satisfying
m? = 4n® — 5n + 16,
or equivalently, the equation
4n* — 5n + (16 —m?) = 0.

Since n is an integer, the discriminant of the quadratic polynomial 422 — 5x +
(16 — m?) is a perfect square, that is, there exists a nonnegative integer ¢ such
that

25 — 16(16 — m?) = (2,

or equivalently,
16m? — ¢* = 231

holds. This yields
(dm —£)(dm +¢) =3-7-11.

Note that ¢ is an odd integer, and hence 4m — £, 4m + £ are odd and congruent
to 1,—1 modulo 4 (in some order). Using 4m — ¢ < 4m + £, we obtain
(4m — £, 4m + £) is equal to one of

(1,3-7-11),(3,77),(7,33), (11,21).

This shows that 8m is equal to one of 232,80, 40, 32, which gives that m is
equal to one of 29,10, 5,4.
If m = 29, then
4n® —5n — 825 =0

holds, which gives n = 15. If m = 10, then
4n® —5n —84 =0
holds, which implies n = —4. If m =5, then
4n* —5n—9=0
holds, which yields n = —1. If m = 4, then
4n* —5n =0

holds, which gives n = 0.
Note that the pairs

(29,15), (10,—4), (5,-1), (4,0)
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also satisfy the given equation. Hence, the maximum possible value of |m — n|
is

max{29 — 15,10 — (—4),5 — (—1),4 — 0} = max{14,14,6,4} = 14.
|

Exercise 1.12 (SMMC 2017 B2, AoPS). Determine all pairs (p, q) of positive
integers such that p and ¢ are primes, and p?~' + ¢P~! is the square of an
integer.

Walkthrough —
(a) Check that (p,q) = (2,2) works.

(b) If p,q are odd, show that p?~* + ¢~ = 2 (mod 4), so it cannot be a
perfect square.

(c) Without loss of generality, let p be an odd prime, and ¢ = 2. Then
P T =20 4 p,
(d) Write 27! 4+ p = m?.

(e) Factorize to obtain (m — 2%1)(m + 2%1) = p, which gives
=l
m+22 =p.

(f) Note that p < 27" holds® for p > 7.
(g) Conclude that p can only be 3 or 5.

n—1
“Try to show that 272 > n holds for all integers n > 7.

Solution 12. First, note that (p,q) = (2,2) works since 227! + 2271 = 4 = 22,
If p and ¢ are odd primes, then both p — 1 and ¢ — 1 are even, and hence,

pI 4Pl =14+1=2 (mod4)

holds. Since no perfect square is congruent to 2 modulo 4, it follows that not
both of p and ¢ are odd.
Without loss of generality?, let p be an odd prime, and ¢ = 2. Then

pq—l T qp—l :p2—1 + 2p—1 :p+ 2;0—1.

Write
2

p+20"1=m
for some positive integer m. Rearranging gives

m? —2P~1 = p,

2Why there is no loss of generality?
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which yields the factorization
(m—2"7 ) (m+2"7 ) =p.
Since p is prime and
m— 2" <m+ QPTA,

we obtain that )
o
m+4+272 =p,

Using the following claim, we conclude that p can only be 3 or 5. If p = 3,
then p?=' +¢P71 =321 4231 =344 =7 If p=>5, then p?~ ! +¢#~! =
5271 4 25-1 =5 4+ 16 = 21. Thus, the only solution is (p, q) = (2,2).

Claim — For any positive integer n > 7, the inequality

n—1

272 >n
holds.

Proof. We prove this by induction. For n = 7, we have 27 =23 =8> 7.
Now, assume that the inequality holds for some k > 7. Note that

o=t _ oit4l _ V2.2 T s V2 k
holds. Observe that
(V2k)? — (k+1)> =2k> — (K> + 2k + 1)
=k?—2k—1
=k-1)(k-3)—-2
>(7T-1)(7-3) -2
> 0.

This shows that
(k+1)—1
2

2 >V2k>k4+1.

Thus, by induction, the claim holds for all integers n > 7.

§1.4 Completing squares, factorizing

Example 1.13. Find all solutions of 22 + 3y? = 4 in integers. Use it to find
all solutions of m? + mn + n? =1 in integers.
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Walkthrough — Observe that

4(m® + mn 4+ n®) = 2m+n)® + 3n’.

Example 1.14 (India BStat-BMath 2013 P7). Let N be a positive integer
such that N(N — 101) is the square of a positive integer. Find all possible
values of N. (Note that 101 is a prime number).

Solution 13. Let N be a positive integer such that for some positive integer
k,
N(N —101) = k?

holds. This gives
(2N —101)% = 4k* 4 1012,

which yields
(2N — 101 — 2k)(2N — 101 + 2k) = 101

Using N(N — 101) = k2, N > 1 and k > 1, it follows that N > 101. This
shows that 2N — 101 — 2k, 2N — 101 + 2k are distinct positive divisors of 1012.
This implies that 2N — 101 — 2k, 2N — 101 + 2k are equal to 1,1012 in some
order, which yields

141012 +2-101 1022

=512 = 2601.
I 1 5 60

N

Note that
2601(2601 — 101) = 512 x 507,

which is a perfect square. This proves that N = 2601 is a only solution. W

Exercise 1.15 (British Mathematical Olympiad Round 1 2011/12 P1). Find
all (positive or negative) integers n for which n? 4+ 20n + 11 is a perfect square.
Remember that you must justify that you have found them all.

Walkthrough —

(2)
Solution 14. Let n be an integer such that n? 4+ 20n + 11 is a perfect square.
Then there exists a nonnegative integer m such that
n? +20n + 11 = m?,

Note that
(n 4 10)* — 89 = m?
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holds, which yields
(n+10 = m)(n 4 10+ m) = 89.
Since 89 is prime and the integer m is nonnegative, it follows that
(n+10 —m,n + 10 +m)
is equal to one of (1,89) or (—89, —1). In the first case, we have
n =35,m = 44,
and in the second case, we have
n=—55m = 44.

Note that both n = 35 and n = —55 satisfy the condition that n? 4+ 20n + 11
is a perfect square. Therefore, the integers n for which n? + 20n + 11 is a
perfect square are

35, —55.

Exercise 1.16 (USAJMO 2015 P2, AoPS). Solve in integers the equation

T4y °
@ +ay+y’ = <3+1) :

Walkthrough —
(a)

Solution 15. Let x,y be integers satisfying the equation. Rearranging, we

have 5
(x+y)?—zy= (I;Lerl) .

Note that 3 divides = 4+ y. Write z 4+ y = 3n for some integer n. We obtain

In? —xy = (n+1)3,
which yields
9 —2(3n—z)=n>+3n*+3n+1,

which simplifies to
z? — 3nz = n® — 6n° +3n + 1.

This gives
422 — 12nx + 9n? = 4n3 — 15n% + 12n + 4,
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which shows that
(22 — 3n)? = (n — 2)(4n* — Tn — 2),
and hence,
(22 —3n)? = (n —2)?(4n + 1)

holds. This implies that 4n + 1 is a perfect square. Write 4n + 1 = (2m + 1)
for some integer m. This gives n = m? + m, and hence we obtain

(22 — 3n)? = (n — 2)%(2m + 1)?,
which implies that 22 — 3n equals +(n — 2)(2m + 1). This shows that

3n+n(2m+1)
r = -————
2
=2n+mn—2m—1

2m —1

=2m?+2m+m>+m?—2m—1

=m?+3m? -1,

holds or
3n —n(2 1
x=%+2m+1
=n—mn+2m+1

S _m?4+2m+1

=m>+m-—m
=-—m?+3m+1
holds. It follows that (x,y) is equal to one of
(m*4+3m? —1,-m* +3m+1), (—=m*+3m+1,m*+3m? - 1).

Also note that if m, n are integers satisfying n = m? +m, and (z,y) is a pair
of integers satisfying = + y = 3n and

(22 — 3n)? = (n —2)*(2m + 1),
then it follows that
3
2 +ay+y? = (TJ@) .
Consequently, the integer solutions to the equation are exactly the pairs of
the form
(m®+3m? —1,-m3 +3m+1), (—m>+3m+1,m>+3m? 1),
for some integer m. u

Exercise 1.17 (British Mathematical Olympiad Round 1 2016/17 P3). Deter-
mine all pairs (m,n) of positive integers which satisfy the equation n? — 6n =
m? +m — 10.
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Walkthrough —

(a) Complete the square on both sides, and rearrange to get a suitable
factorization.

Solution 16. Let m,n be positive integers satisfying
n? —6n =m? 4+ m — 10.

This yields
(n—3)2=m?+m—1,

(n—3)?% = (m—i-;)?—i.

(2m+1)* - (2(n —3))* = 5.

which implies

Rearranging gives

Factorizing yields
2m+1-2(n—-3)2m+1+2(n—3)) =5

Using n? — 6n = m? +m — 10, it follows that n is not an odd integer. Note that
if n = 2, then the given equation holds yields m = 1. It remains to consider
the case that n > 4, which we assume from now on. Note that

2m+1—-2(n—3) <2m+1+42(n—3)
holds, and hence we obtain
2m+1-2(n—-3)=1, 2m+1+2(n—3)=5.

This gives m = 1,n = 4.

Moreover, if m = 1,n = 4, then n? — 6n = m? + m — 10 holds. Further, if
m = 1,n =2, then also the given equation holds.

Therefore, the pairs (m,n) of positive integers which satisfy the equation
n? — 6n = m? +m — 10 are precisely (1,2) and (1,4). [ |

Example 1.18 (India RMO 2024a P1). Find all positive integers x,y such
that 202z + 422 = ¢

Solution 17. Let z,y be positive integers satisfying 202z + 422 = y2. Note
that y? is even, and hence, so is y. This shows that 4 divides y? — 422 = 202z.
It follows that x is even.
Note that
4y? = (42)® +2-101 - (4z)
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holds, which gives
101% = (42 + 101 — 2y)(4x + 101 + 2y). (1)

Since z,y are positive integers, it follows that 4z 4+ 101 — 2y < 4z 4 101 + 2y.
This shows that

44101 —2y =1, 4z +101 4+ 2y = 1017, (2)

which yields
x = 1250, y = 2550.

Also note that if z = 1250 and y = 2550, then Eq. (2) holds, which yields
Eq. (1), which implies 202z + 422 = y2. Hence, the solution to the given
equation in the positive integers is precisely

z = 1250, y = 2550.

§1.5 Warm up

Exercise 1.19 (Japan Mathematical Olympiad 1992 P1). Let z,y be coprime
positive integers with zy > 1, and let n be an even positive integer. Prove that
x™ 4+ y™ is not divisible by x + y.

Walkthrough —
(a)

Solution 18. On the contrary, let us assume that x 4+ y divides ™ + y".
Since z is congruent to —y modulo x + y, and n is even, it follows that =™ is
congruent to y™ modulo x + y. This shows that " 4 y” is congruent to 2y™
modulo x + y. Therefore, x + y divides 2y™. Since x,y are coprime, it follows
that « + y and y™ are coprime. Hence, x + y divides 2. Since x,y are positive
integers with xzy > 1, it follows that = 4+ y > 3, which is a contradiction. Thus,
x + y does not divide ™ + y™. [ |

Exercise 1.20 (All-Russian Mathematical Olympiad 2018 Grade 9 Day 1 P1,
AoPS, by A. Golovanov). Let aj,as,... be an infinite strictly increasing se-
quence of positive integers, and pi,ps,... be an infinite strictly increasing
sequence of primes such that p, divides a, for all n > 1. Assume that
an — G = pn — Pi for all n, k > 1. Prove that the sequence aq,as, ... consists
only of prime numbers.
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Walkthrough —
(a) Show that p, divides p1 — a1 for all n > 1.
(b) Prove that a, is equal to p, for all n > 1.

Solution 19. Note that
Gp —Pn = a1 —P1
holds for all n > 1. It follows that p,, divides a; — p; for all n > 1. This

implies that a; = p;. Thus, we have a,, = p, for all n > 1, which completes
the proof. |

Exercise 1.21 (All-Russian Mathematical Olympiad 2024 Grade 10 Day 1 P1,
AoPS, by A. Kuznetsov). Let p and ¢ be different prime numbers. We are
given an infinite decreasing arithmetic progression in which each of the numbers
p?3,p**, ¢*2 and ¢** occurs. Show that the numbers p and ¢ also occur in this
progression.

Walkthrough — Let d denote the common difference of the arithmetic
progression.

(a) Using that d divides p** — p**, show that p does not divide d.
(b) Using that d divides p** — p*3, show that d divides p — 1.

(c) Show that p occurs in the arithmetic progression.

Solution 20. Denote the common difference of the arithmetic progression by
d. Since p,q are distinct primes, it follows that p does not divide p?? — ¢23.
Using that d divides p?3 — ¢%3, we conclude that p does not divide d. Note
that d also divides p?* — p?3, which implies that d divides p — 1. It follows
that d divides p*® — p. Since d is negative, we conclude that p occurs in the
arithmetic progression. By a similar argument, it follows that ¢ also occurs in
the arithmetic progression. |

Exercise 1.22 (Mexico National Olympiad 2013 P1, AoPS). All prime numbers
are written in order, p; = 2,ps = 3,p3 = 5, .. .. Find all pairs of positive integers
a and b with a — b > 2, such that p, — py, divides 2(a — b).

Walkthrough —

(a)

Solution 21. Let a,b be positive integers such that a — b > 2 and p, — pp
divides 2(a — b).
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Let us consider the case that b > 2. Note that p;, p;41 differ by at least 2 for
all ¢ > 2, since all primes greater than 2 are odd. This gives

Pa — Db = (Pa — Pa—1) + (Pa—1 — Pa—2) + -~ + (Do+1 — Db) > 2(a — b).

Since p, — pp divides 2(a — b), we must have p, — p, = 2(a — b), implying that
pi, Pi+1 differ by exactly 2 for all i = b,b+1,...,a — 1. Since a > b+ 2, it
follows that the primes py, pp+1, Po+2 are three consecutive primes differing by
2. Note that py,pp+1,pp+2 are congruent to 0,1,2 modulo 3 in some order.
Thus, one of these three primes is divisible by 3. We obtain p, = 3, which gives
b=2.If a > b+ 3, then pyy3 — ppr2 > 4 holds, which implies

Pa — Db = (Pa — Pa—1) + (Pa—1 — Pa—2) + -+ (o1 — D) > 2(a — b) + 2.

This contradicts the fact that p, — p, < 2(a — ). It follows that a < b+ 2.
Also note that a > b+ 2. Thus, we conclude that a = b+ 2 = 4.

It remains to consider the case b = 1, which we assume from now on. We
have p, — p1 = po — 2 divides 2(a — 1). Since p, is odd, it follows that p, — 2 is
odd, and hence it divides a — 1. This implies that p, —2 < a—1, or equivalently
Pa < a4+ 1. Using a > b+ 2 = 3, we obtain

Pa = (Pa —Pa—1) + -+ (p3 —p2) +p2>2(a—2)+3=2a—1.

Combining the two inequalities, we get 2a — 1 < a + 1, or equivalently a < 2,
contradicting a > 3.

This proves that (a,b) is equal to (4,2). Note that this pair indeed satisfies
the condition since py — pa = 7 — 3 = 4 divides 2(4 — 2) = 4. Consequently, the
only solution is (a,b) = (4,2). |

Exercise 1.23 (I0QM 2023 P4, AoPS). Let x,y be positive integers such that
ot = (z - 1)(y® —23) - 1.

Find the maximum possible value of x + y.

I Summary — Look for some divisibility conditions.

Walkthrough —

(a) Note that  # 1 and = — 1 divides 2. It follows that z = 2 or z = 3.
If £ = 2, then y® = 23 4+ 2% + 1 = 40, which is impossible since y is an
integer.

(b) If £ = 3, then y* = 23 + %(34 + 1) = 23 4+ 41 = 64, which gives y = 4.

(c) It follows that x +y = 7.
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Solution 22. Let x,y be positive integers satisfying the given equation. Note
that > 2. Using the congruence x = 1 (mod x — 1), it follows that x — 1
divides 2. This shows that x =2 or x = 3. If z = 2, then we obtain

3=2342%4+1 =40,

which is impossible since y is an integer. If z = 3, then we obtain
3=9234 - (34 1) =23 + 41 = 64,

which gives y = 4. Also note that (3,4) satisfies the given equation. Hence, it
is the only solution over the positive integers. Thus, the maximum possible
valueof r +yis 34+4=T7. |

Exercise 1.24 (I0QM 2023 P9, AoPS). Find the number of triples (a, b, ¢) of
positive integers such that

(a

) ab is a prime,

(b) bc is a product of two primes,
)
)

(¢) abc is not divisible by square of any prime and

(d) abe < 30.

Walkthrough —
(a) Suppose (a, b, c) is a pair satisfying the above conditions.

(b) Since ab is a prime, it follows that one of a, b is equal to 1, and the
remaining one is a prime.

(¢) If a =1, then b, ¢ are distinct primes.

(d) If b =1, then c is the product of two distinct primes which are not equal
to a.

(e) This shows that (a,b,c) is equal to one of

(1,

(1,

(1,

(1, 7 2),
(1,11,2),

(1,13,2),
(2,1,3-5),(3,1,2-5),(5,1,2- 3).

(f) Hence, the number of triples satisfying the above conditions is at most
17.
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(g) Since any of the above triples does satisfy the given conditions, it follows
that the number of triples satisfying the given conditions is equal to 17.

Solution 23. [}

Exercise 1.25 (Canadian Mathematical Olympiad 2019 P2, AoPS). Let a
and b be positive integers such that a + b? is divisible by a? + 3ab + 3b% — 1.
Prove that a® + 3ab+ 3b? — 1 is divisible by the cube of an integer greater than
1.

Walkthrough —
(a)

Solution 24. Note that

(a+b)3 = a(a® + 3ab + 3b*) + b°
=a(a® +3ab+3b* —1) +a +b*

holds. Since a + b? is divisible by a? + 3ab + 3b* — 1, it follows that (a + b)? is
also divisible by a? + 3ab + 3b®> — 1. Assume for the sake of contradiction that
a? + 3ab + 3b® — 1 is not divisible by the cube of an integer greater than 1. It
follows that a? + 3ab + 3b*> — 1 divides (a + b)2. This implies that

a2+2ab—|—622a2—|—3ab+3b2—1,

which simplifies to
ab+ 2% < 1,

which is impossible since a and b are positive integers. This proves that
a? + 3ab + 3b* — 1 is divisible by the cube of an integer greater than 1. |

Exercise 1.26 (British Mathematical Olympiad Round 1 2000 P2). Show
that, for every positive integer n, the integer

121" — 25" 4 1900™ — (—4)"

is divisible by 2000.

Walkthrough —
(a)

Solution 25. Let n be a positive integer. Note that

121" — 25" + 1900" — (—4)" = (—4)" — 25" + 25" — (—4)" (mod 125)
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=0 (mod 125).
Also note that
121" — 25™ 4+ 1900™ — (—4)" = 9™ — 9" + (—20)" — (—20)" (mod 16)
=0 (mod 16).
Since 125 and 16 are coprime, it follows that
121™ — 25™ 4+ 1900™ — (—4)"

is divisible by 2000 for all positive integers n. |

Exercise 1.27 (British Mathematical Olympiad Round 1 2016/17 P6). Con-
secutive positive integers m, m + 1, m + 2, m + 3 are divisible by consecutive
odd positive integers n,n + 2,n 4+ 4,n + 6 respectively. Determine the smallest
possible value of m in terms of n.

Walkthrough —
(a)

Solution 26.
Claim — Let m be a positive integer and n be a positive odd integer such

that the integers m, m + 1, m + 2 and m + 3 are divisible by n,n+2,n+4
and n + 6 respectively. Then m is at least as large as

((n—|—4)(7;+6)+1+(n;l)(n+4)(n+6)) (n+2)—1,

where
B {n if 3 does not divide n,

N if 3 divides n.

wl3

Proof of the Claim. Let k,r,s,t be positive integers such that
m=kn, m+l=r(n+2), m+2=s(n+4), m+3=t(n+6).

Using that n divides m, it follows that n divides 2r — 1.

Since n + 4 divides m + 2, it follows that n + 4 divides 2r — 1. Finally, using
that n + 6 divides m + 3, we obtain that n + 6 divides 2r — 1.

Hence, the integer 2r —1 is divisible by each of n,n+4,n+6. Since n+4,n+6
are consecutive odd integers, they are coprime. Thus, (n + 4)(n + 6) divides
2r — 1. This shows that

(n+4)(n+6)+1

r= 5 +a(n+4)(n+6)
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for some non-negative integer a.. Since n divides 2r —1, it follows that n divides
24 + 48«. Using that n is odd, we obtain that n divides 3(2«c + 1). Write

2 if 3 divides n.

. {n if 3 does not divide n,
3

Note that n is odd and n divides 2a: + 1. Thus, there exists a non-negative

integer [ such that
B+ n—1
a=n .
2

Substituting this into the expression for r, we obtain

o (n+4)(”+6)+1+<n/3+n;1> (n+4)(n+6).

2

Claim — Let R denote the positive integer

A DOED Ly (2 (a+ dia+6),

and let M denote the positive integer
R(n+2) - 1.

Then, the integers M, M +1, M +2, M +3 are divisible by n, n+2, n+4, n+6
respectively.

Proof of the Claim. Note that

2R—1=24+24(n—1) (modn)
=24n  (mod n)
=0 (mod n).

This shows that n divides M. Also note that n + 2 divides M + 1. Moreover,

M +2
=R(n+2)+1

_ (n+2)(n+4)én+6)+n+4+(“;1>(n+2)(n+4)(n+6)

B0 g (M) D+ (00
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holds, which shows that n 4+ 4 divides M + 2. Similarly, it follows that

n+2)(n+4)+1
2

which shows that n+6 divides M +3. This completes the proof of the claim. [

M+3=

(n+6) + (“;1> (n+2)(n +4)(n +6),

Combining the two claims, it follows that the smallest possible value of m is
equal to M, that is, the integer

(n+2)(n+4)(n+6)+n n—1

2 + 2

> (n+2)(n+4)(n+06),

which is equal to

% (n+n(n+2)(n+4)(n+6)).

Exercise 1.28 (British Mathematical Olympiad Round 1 2019 P1). Show
that there are at least three prime numbers p less than 200 for which p + 2,
p+6, p+ 8 and p+ 12 are all prime. Show also that there is only one prime
number ¢ for which ¢+ 2, ¢+ 6, ¢ + 8, ¢ + 12 and ¢ + 14 are all prime.

Walkthrough —

(a) Let p be a prime number such that p, p+2, p+6, p+ 8 and p + 12 are
all prime.

(b) Show that p is odd.
(¢) Using that p+6,p+8 are primes greater than 3, show that p =2 (mod 3).

(d) Using that p+6,p+ 8,p+ 12 are primes greater than 5, show that p =5
or p=1 (mod 5).

(e) Using that p+2,p+6,p+ 8,p+ 12 are primes greater than 7, show that
p =T or p is congruent to either 3 or 4 modulo 7.

(f) Using the above congruence conditions modulo 3, 5 and 7, show that if
p < 200, then p is equal to one of the integers
11,41,71,101,131, 161, 191.

(g) Complete the first part of the problem.

(h) For the second part of the problem, show that if ¢ is a prime number
such that q, ¢+ 2, ¢+ 6, ¢+ 8, ¢+ 12 and g + 14 are all prime, then g is
at most 5.

Solution 27. Let p be a prime number such that p, p+ 2, p+ 6, p+ 8 and
p + 12 are all prime. Note that p is odd. Since p + 6,p + 8 are primes greater
than 3, it follows that

pZ0 (mod3), p#1l (mod 3),
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which implies that p = 2 (mod 3). Since p + 6,p + 8,p 4 12 are primes greater
than 5, it follows that

pZ4 (modb5), p#Z2 (modb5), p#*3 (mod?H),

which implies that p =5 or p =1 (mod 5). Note that if p =5, then p+2,p+
6,p + 8,p + 12 are all prime. Henceforth, let us assume that p =1 (mod 5).
Note that p 4+ 2,p 4+ 6,p + 8, p + 12 are all primes greater than 7. It follows
that p not congruent to any of 5,1,6,2 modulo 7. This shows that p =7 or p
is congruent to either 3 or 4 modulo 7. Note that if p = 7, then p + 2 is not a
prime. This implies that p is congruent to either 3 or 4 modulo 7. Since p = 2
(mod 3) and p =1 (mod 5), it follows that p is congruent to 11 modulo 15. If
p < 200, then p is equal to one of the integers

11,41,71,101, 131,161, 191.

Among the above integers, only 11, 101 satisfy the required congruence condition
modulo 7. Note that if p = 11, then p + 2,p + 6,p + 8,p + 12 are all prime.
Moreover, if p = 101, then p + 2,p + 6,p + 8,p + 12 are all prime. This
shows that there are precisely three prime numbers p less than 200 for which
p+2,p+6,p+8,p+ 12 are all prime, and these are 5,11, 101.

Let ¢ be a prime number such that ¢,q+2,¢+ 6,9+ 8,q¢ + 12,q + 14 are all
prime. Since ¢+ 6, ¢+ 8 are primes greater than 3, it follows that ¢ = 2 (mod 3).
Note that ¢ is odd, and hence, ¢ is at least 5. Since ¢ +6,q+ 8,9+ 12,9+ 14
are primes greater than 5, it follows that ¢ is equal to 5. Note that if ¢ = 5,
then ¢+2,9+6,q+8,g+ 12, g+ 14 are all prime. This shows that there is only
one prime number g for which ¢+ 2,¢+ 6,q+ 8,¢ + 12, g + 14 are all prime,
and this is 5. |

Exercise 1.29 (British Mathematical Olympiad Round 1 2024 P5). Let p
be a prime number, and let n be the smallest positive integer, strictly greater
than 1, for which n% — 1 is divisible by p. Prove that at least one of (n+1)% —1
and (n + 2)% — 1 is divisible by p.

Walkthrough —

(a) Consider the cases that p divides n> — n + 1 and that p does not divide
2
n°—n-+1.

(b) Observe that
n—n+l=mn-1>+m-1)+1,
nPrn+l=mn+1)>-(n+1)+1

hold.

Solution 28. Let p be a prime number, and let n be the smallest positive
integer, strictly greater than 1, for which n® — 1 is divisible by p.
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Let us consider the case that p divides n? —n + 1. Note that
n?—n+l=mn-1)>4+Mn-1)+1

holds. Then p divides (n—1)%2+(n—1)+1, implying that p divides (n—1)% —1.
Using the minimality of n, it follows that n — 1 is equal to 1. This implies that
p divides 22 — 2 4+ 1 = 3. This shows that p is equal to 3. Using p = 3 and
n = 2, it follows that (n + 2)% — 1 is divisible by p.

Now, let us consider the case that p does not divide n2 —n+ 1. If p =2,
then p divides (n + 2)® — 1. Henceforth, let us assume that p is an odd prime.
Since p divides (p — 1)% — 1, using the minimality of n and that p — 1 > 2, it
follows that n is less than or equal to p — 1. If n is less than p — 1, then using
the factorization

n—1l=mn-Dn+Dn*=n+1)n*+n+1),

it follows that p divides n? +n + 1, and as consequence, p divides (n + 1) —
(n+ 1) + 1, which is a divisor of (n + 1) — 1. Finally, if n is equal to p — 1,
then p divides (n + 2)% — 1. This completes the proof. [ |

Exercise 1.30 (USAJMO 2013 P1, AoPS, proposed by Titu Andreescu). Are
there integers a, b such that a®b + 3 and ab® + 3 are both perfect cubes of
integers?

Summary — Consider the integer ab modulo 3, and read a®b + 3,ab® + 3
modulo 9.
Walkthrough —
(a) If 3 divides ab, then consider one of the integers a®b + 3, ab® + 3 modulo
9.
(b) If 3 does not divide ab, then assuming the integers a®b + 3,ab’ + 3 to be
perfect cubes, determine the integers a®b, ab® modulo 9.

Solution 29. Let us assume that there are integers a, b satisfying the given
condition. First, let us consider that 3 divides ab. Without loss of generality®,
let us assume that 3 divides a. Then

a’v+3=3 (mod 9).
Since a®b + 5 is a perfect cube and is divisible by 3, it follows that

a®h+3=0 (mod9),

3Show that there is indeed no loss of generality in assuming what follows.
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implying 3 = 0 (mod 9), which is impossible.

Next, let us consider the case that 3 does not divide ab. Since a®b + 3 is a
cube and is not divisible by 3, we obtain a®b + 3 = £1 (mod 9), which implies
that a®b is congruent to one of 5,7 modulo 9. Using a similar argument, it
follows that ab® is also congruent to one of 5,7 modulo 9. Hence, (ab)® is
congruent to one of 5-5,5-7,7-7 modulo 9. So, (ab)® is not congruent to 1
modulo 9. Since 3 does not divide ab, it follows that (ab)® is congruent to 1
modulo 9.

It follows that there are no integers a, b satisfying the given conditions. W

Example 1.31 (European Mathematical Cup Junior 2013 P1). For a positive
integer m, let m? be the product of first m prime numbers. Determine if there
exist positive integers m and n with the following property:

m? =n(n+1)(n+2)(n+3).

Walkthrough — The product of four consecutive positive integers is divisible
by 4.

Exercise 1.32 (Tournament of Towns Spring 2019, Junior, O Level P4). The
product of two positive integers m and n is divisible by their sum. Prove that

m+n < n2.

Walkthrough — Note that if m + n divides mn, then m + n divides n(m +
n) —mn.

Example 1.33. Among any four consecutive positive integers, one of them is
coprime to (that is, has no common factor with) the remaining three.

Walkthrough — Show that among any four consecutive positive integers,
at least one of the odd integers is not divisible by 3. Consider the case when
this odd integer is equal to 1, and the case when it it greater than one. In the
second case, find a suitable prime divisor of this odd integer.

Proof. Note that among any four consecutive positive integers, at least one
of the odd integers is not divisible by 3, and hence, either it is equal to 1, in
which case it is coprime to the remaining ones, or it is greater than one, and
its smallest prime factor is at least 5, and hence, it is coprime to the remaining
ones. 0
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Exercise 1.34 (Tournament of Towns Fall 2019, Junior, O Level P4, by
Boris Frenkin). There are given 1000 integers aq,...,ajo00- Their squares
a?, ..., a3y are written along the circumference of a circle. It so happened
that the sum of any 41 consecutive numbers on this circle is a multiple of 412.
Is it necessarily true that every integer a1, ..., a1000 is a multiple of 417

I Remark. Replace 1000 by 10 and 41 by 7, and try to work on the problem.

Solution 30. For any integer m, let ™ denote the integer lying between 1 and
1000, which is congruent to m modulo 1000. Note that

a? = a? mod 412

holds for any integers i, j lying between 1 and 1000, and satisfying i = j mod 41.
It follows that

2 _ 2 2
alfammodéll

for any integer k. Since the integers 41,1000 are relatively prime, it follows
that the integers
41,41-2,41-3,...,41-1000

are pairwise distinct modulo 1000, that is, these integers are congruent to
1,2,...,1000 modulo 1000 in some order. This shows that a? is congruent to
a? modulo 412 for any integer 1 < i < 1000. It follows that

41a? = a? + aZ + - + a3, mod 412

Since the sum a? + a3 + - - - + a2, is divisible by 412, this shows that 41 divides
a. For any integer 1 < i < 1000, 412 divides a? — a?, and using that 41 divides
a1, we obtain 41 divides a;.

This proves that it is necessary that every integer aq,...,a1goo is a multiple
of 41. |

Example 1.35. [FGI96, Problem 83, p. 72] Prove that if a prime number is
divided by 30, the remainder is a prime or 1.

Solution 31. Let p be a prime number. If p is less than 5, then we are done.
Henceforth, let us assume that p > 5. It follows that p is of the form 6k + 1 for
some positive integer k. If k =1 (mod 5), then p is equivalent to one of 5,7
modulo 30. If £ =2 (mod 5), then p is equivalent to one of 1,3 modulo 30. If
k =3 (mod 5), then p is equivalent to 2 modulo 30. If £ =4 (mod 5), then p
is equivalent to one of 3,5 modulo 30. This completes the proof. |

Example 1.36 (Australian MO 1982, India RMO 2004 P6). Let (p1,p2, D3y« sDny---)
be a sequence of primes, defined by p; = 2 and for n > 1, p,41 is the largest
prime factor of p1ps - - - p, + 1. Prove that p,, # 5 for any n.
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Walkthrough —

(a) Show that pip2ps - pn + 1 is odd for any n > 1, and p,, is odd for any
n > 2. Deduce that pip2ps...pn + 1 is not a multiple of 3. (If you are
stuck, then does verifying this statement for small values of n help?)

(b) What can be said about the smallest prime divisor of pip2ps...pn + 17

(c) If it is a power of 5, then pipaps...pn is divisible by 4. Arrive at a
contradiction.

Solution 32. Note that p1ps...p, + 1 is odd for any n > 1, and hence p,, is
odd for any n > 2. Since p; = 2 and py = 3, it follows that for any n > 2, the
integer p1ps ... pn + 1 is not divisible by any one of 2 and 3. So the least prime
divisor of pyps...p, + 1 is at least 5 for any n > 2. If possible, suppose 5 is
the largest prime divisor of p1ps...p, + 1 for some integer n > 2. This yields

Pip2-..pn+1=5F

for some k > 1. This implies that 4 divides pyps - - - pn, which is impossible
since p1 = 2, and p, is odd for any integer r > 2. This shows that p,1 is not
equal to 5 for any integer n > 2. Consequently, it follows that p,, # 5 for any
integer n > 1. [ ]

Example 1.37 (Moscow MO 1973 Day 1 Grade 8 P4). Prove that the equation
1 1 1

r oy P
where x,y are positive integers, has exactly 3 solutions if p is a prime and the
number of solutions is greater than three if p > 1 is not a prime. We consider

solutions (a,b) and (b,a) for a # b distinct.

Example 1.38 (cf. Moscow MO 1973 Day 1 Grade 8 P4 Example 1.37). For
any positive integer n, show that the number of ordered pairs (z,y) of positive

integers for which
1 1 1

T Yy n

is equal to the number of positive divisors of n2.

Solution 33. For positive integers x,y, note that

holds if and only if

(x—=n)(y —n) =n?
holds. Observe that if x,y are positive integers satisfying the given equation,
then x > n and y > n holds. This shows that the solutions of the given
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equation over the positive integers are in one-to-one correspondence with pairs
of positive integers (a,b) such that ab = n?, through the map

(a+n,b+n) < (a,b).

This completes the proof. |

Example 1.39 (India INMO 1991 P10, cf. Moscow MO 1973 Day 1 Grade 8
P4 Example 1.37). For any positive integer n, let S(n) denote the number of
ordered pairs (z,y) of positive integers for which

1 1 1

4 ==

r Yy n
(for instance, S(2) = 3). Determine the set of positive integers n for which
S(n) =5.

Walkthrough — Is the given equation equivalent to

(z—n)(y —n) =n??

Solution 34. For positive integers x,y, note that

holds if and only if

(x—n)(y —n) =n?
holds. Observe that if x,y are positive integers satisfying the given equation,
then £ > n and y > n holds. This shows that the solutions of the given
equation over the positive integers are in one-to-one correspondence with the
pairs of positive integers (a,b) such that ab = n?, through the map

(a+n,b+n) < (a,b).

Hence, the set of positive integers n satisfying S(n) = 5 is equal to the set of
positive integers n such that n? has precisely 5 positive divisors. Note that any
such integer n is larger than 1. Writing n as a product of powers of distinct
primes, it follows that n? has precisely 5 positive divisors if and only if n is the
square of a prime. Indeed, if pq,...,p, are distinct primes, and aq,...,a, are
positive integers, then the integer (p{* ...p% )? has precisely 5 positive divisors
if and only if
(2a1 +1)(2a2+1)...(2a, +1) =5

holds, which is equivalent to » = 1,a; = 2. This proves that the positive
integers satisfying S(n) = 5 are precisely the squares of the primes. ]
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Example 1.40 (India RMO 1992 P2, cf. Moscow MO 1973 Day 1 Grade 8
P4 Example 1.37). If % + % = %, where a, b, ¢ are positive integers with no
common factor, prove that (a + b) is the square of an integer.

Walkthrough — Is the given equation equivalent to

(a—c)(b—c)=c*?

Solution 35. Let a,b,c be positive integers satisfying the given equation.
Assume that a,b have no common prime factors. Note that (a —¢)(b—¢) =
c? holds. Also note that any common prime divisor of a — ¢, b — ¢ divides
(a—c)(b—c) = c?, and hence it divides the integers a,b, which is impossible.
This shows that the integers a — ¢,b — ¢ are relatively prime, and satisfy
(a —c)(b—c) = % Note also that a > ¢ holds. Hence, there exist relatively
prime positive integers z,y such that ¢ = 2y, a — ¢ = 22 and b — ¢ = y? holds.
This gives
a=ct+at=xy+2® b=c+y®=xy+y>

This implies that a + b is a perfect square. |

Example 1.41 (UK BMO 2005 Round 2 P1, cf. Moscow MO 1973 Day 1
Grade 8 P4 Example 1.37). The integer N is positive. There are exactly 2005
ordered pairs (z,y) of positive integers satisfying

1 n 1 1
r y N’
Show that N is a perfect square.

Walkthrough —

(a) Note that it suffices to show that if N? has precisely 2005 positive divisors
for some positive integer N, then N is a perfect square.

(b) Note that 2005 = 5 - 401.

(c) Observe that 401 is a prime, and hence, all the prime factors of 2005 are
congruent to 1 modulo 4.

Example 1.42 (All-Russian MO 1989 Day 2 Grade 8 P5). Show that number
4545 1 545 is composite.

Example 1.43 (India RMO 1991 P7, cf. All-Russian MO 1989 Day 2 Grade 8
P5 Example 1.42, India BStat 2006 P3). [Eng98, p. 121] Show that n* + 4™ is
prime if and only if n = 1.
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Solution 36. Let n be a positive integer such that n* + 4" is a prime. Note
that n is odd, and

TL4 + 477, — (n2 _|_ 2n)2 _ 2n+1n2
_ (’I’L2 + 2n)2 _ (2(n+1)/2n)2
= (n?+2" - 2(”+1)/2n)(n2 + 2™+ 2("“)/271)

holds. Since n +4™,n2 4 27 + 2("+1)/2y are positive, it follows that n? + 2" —
2(n+1)/2p is positive. This gives n? + 2" — 2(*+1)/2; = 1. Note that

Tl2 + on _ 2(n+1)/2n > 9. 2n/2n _ 2(n+1)/2n — (\/5 _ 1)2(n+1)/2n
holds. If n > 2, then the above yields
n? 42" — 200D/ 2y > (2 — 1)20n /2 >

which implies that n* 4 4™ is not a prime. This proves that n = 1. Moreover,
if n =1, then n* + 4™ is a prime. This completes the proof. |

Example 1.44 (India INMO 1991 P1). Find the number of positive integers
n for which

1. n <1991 and

2. 6 is a factor of (n? + 3n + 2).

Solution 37. Note that if n is a positive integer, then 6 divides (n + 1)(n + 2)
if and only if 3 divides (n +1)(n+2), which is equivalent to n = +1 mod 3. So,
the positive integers satisfying the given conditions are precisely the positive
integers at most 1991, which are not divisible by 3. Noting that 1991 = 3-663+2,
it follows that the requires number is equal to

664 4 664 = 1328.

Example 1.45 (India RMO 1991 P3). A four-digit number has the following
properties:

1. it is a perfect square,
2. its first two digits are equal to each other,
3. its last two digits are equal to each other.

Find all such four-digit numbers.
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Solution 38. Let n be a positive integer satisfying the given conditions.
Denote the first two digits of n by a, and the last two digits of n by b. Since n
is a perfect square, it follows that n is congruent to one of 0, 1 modulo 4, which
shows that 10b + b = 11b is congruent to one of 0,1 modulo 4, or equivalently,
b is congruent to one of 0,3 modulo 4. Similarly, using that a perfect square is
congruent to one of 0,1, —1 modulo 5, it follows that b is congruent to one of
—1,0,1 modulo 5. This implies that b is equal to one of 0, 4.

If b = 0, then n is the square of a multiple of 10, and hence, its first two
digits would not be equal. It follows that b = 4, and consequently, we obtain

n = 1000a + 100a + 10b + b = 1100a + 11b = 1100a + 44.

This shows that 11 divides the perfect square n. So, 112 divides n, and hence,
11 divides 100a + 4, which yields

a=7mod 11.

Since 1 < a < 9, we obtain a = 7, and this gives n = 7744. Note that
7744 = 882, it follows that 7744 is the only four-digit number satisfying the
given conditions. u

Example 1.46 (All-Russian MO 1992-1993 Final Stage Grade 09 P1, India
RMO 2011b P2). Let n be a positive integer such that 2n + 1 and 3n + 1 are
both perfect squares. Show that 5n + 3 is a composite number.

Solution 39. Let a,b be positive integers such that
n+1=ada? 3n+1=0>
holds. Note that
Sn+3=42n+1)— 3n+1) = 4a® — b*> = (2a — b)(2a + b). (3)

Since 2a + b > 2, it follows that 2a — b is positive, and hence, it suffices to show
that 2a — b # 1. Using 2n + 1 is a perfect square, it follows that n > 3. Note
that

20 —b=2V2n+1—3n+1
_4@2n+1) - (Bn+1)
22+ 1+3Bn+1

5n

BN S ENE RS
5n

> -
T 2/3n + V4n

5
= —— /N
2+2\/§f
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>1,

where the last inequality is obtained using n > 3. This shows that 2a — b > 1.
From Eq. (3), it follows that 5n + 3 is a composite number. |

Example 1.47 (India RMO 1994 P5). Let A be a set of 16 positive integers
with the property that the product of any two distinct numbers of A will not
exceed 1994. Show that there are two numbers a and b in A which are not
relatively prime.

Walkthrough —

(a) Suppose A is a set of 16 positive integers, and assume that .4 does not
satisfy the conclusion of the problem, that is, it is false that some two
numbers in A are not relatively prime. In other words, A has the property
that any two numbers in A are relatively prime.

(b) Prove that such a set A would fail to satisfy the given condition, which
states that the product of any two distinct elements of A is smaller than
1994. In other words, show that the product of some two elements of A
is greater than or equal to 1994.

Remark. Observe that the above argument shows that if a set of 16 positive
integers violates the conclusion of the problem, then it does not satisfy the
given condition. Convince yourself that doing so does prove that if a set of 16
positive integers satisfy the given condition, then there is no way that it would
fail to satisfy the conclusion.

Further, also convince yourself that establishing that the failure of the
conclusion forces the failure of the given condition “ is equivalent to establishing
that the given condition implies the stated conclusion.

“When there are more than one condition, the given conditions are to be considered
together, and the failure of the totality of the given conditions means the failure
of at least one of the given conditions.

Solution 40. Note that if n > 1, and ay,...,a, are distinct and pairwise
coprime positive integers such that a; > 2 for all 4, then one of them admits a
prime factor which is at least as large as the n-th prime. Indeed, for each i, if
we fix a prime divisor p; of a;, then using that aq,...,a, are pairwise coprime,
it follows that pq, ..., p, are distinct primes, and hence the largest among them
is at least as large as the n-th prime. Consequently, if n > 2, and aq,...,a,
are distinct and pairwise coprime positive integers, then at least (n — 1) of
them are greater than 1, and hence one of them is divisible by a prime at least
as large as the (n — 1)-st prime.

If possible, let us assume that the elements of A are pairwise coprime. Hence,
A contains an element x which is divisible by a prime at least as large as the
15th prime. Similarly, the set A\ {«} contains an element y which is divisible
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by a prime at least as large as the 14th prime. Since the 14th and 15th primes
are 43, 47 respectively, it follows that x > 47,y > 43, and consequently,

zy > A7 43 = 2021 > 1994,

which contradicts the hypothesis. This proves that there are two numbers a
and b in A which are not relatively prime. |

Remark. Note that the above problem is similar to the following problem in
spirit.

Example 1.48. For a set A of consisting of positive integers, let ¢(A) denote
the largest integer which can be expressed as the product of two distinct
elements of A. What is the smallest element of the set which consists of the
integers of the form ¢(A) as A runs over the sets of size 16 and consisting of
positive integers?

Bogus Solution. Since £(A) is to be minimized as A runs over the sets 16
pairwise coprime integers and £(A) denotes the maximum of the products
of the pairs of elements of A, it follows that the minimum value of £(A) is
achieved precisely when the elements of A are as small as possible. This
shows that the minimum value of £(A) occurs when

A={1,2,3,5,7,11,13,17,19,23,29, 31, 37,41, 43,47} .

Hence, the minimum value of £(A) is 43 % 47 = 2021.

Exercise 1.49. What goes wrong with the above?

Example 1.50 (India RMO 1994 P3). Find all 6-digit natural numbers
aiasazagasag formed by using the digits 1,2, 3,4, 5,6, once each such that the
number ajas . . .ay is divisible by k, for 1 < k < 6.

Walkthrough —
(a) Show that a2, a4, as are equal to 2,4, 6 in some order.
(b) Prove that as =5, and a1, as are equal to 1,3 in some order.
(¢) Using that 3 divides aiazasz, determine as.

(d) Using the divisibility condition by 4, show that as = 6, and conclude that
ag = 4.

Solution 41. Since ajas, ajasasay, a1asasasasag are divisible by 2, it follows
that as, a4, ag are even, and hence they are equal to 2,4, 6 in some order. Using
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that ajasasaqas is divisible by 5, we get that a5 = 5. So a1, a3 are equal to
1,3 in some order. Using that ajacas is a multiple of 3, we obtain

a1 + as + az = 0 mod 3,
which yields
as = 2 mod 3,
and hence, as = 2 holds. Note that 1234,3214 are not divisible by 4. This
shows that a4 = 6, and hence ag = 4. It follows that aiasaszasasag is equal to
321654, or 123654. Note that the integers 321654, 123654 satisfy the required

conditions too. This proves that 321654,123654 are precisely all the 6-digit
numbers satisfying the given condition. |

Example 1.51 (Tournament of Towns, India RMO 1995 P3). [Tao06, Problem
2.1] Prove that among any 18 consecutive three digit numbers there is at least
one number which is divisible by the sum of its digits.

Walkthrough —
(a) Show that one among any such consecutive integers is divisible by 18.

(b) Prove that its sum of digits, is a multiple of 9, and conclude that it is
equal to one of 9,18, 27.

(c) Show that the sum of its digits is not 27.

Solution 42. Note that among 18 consecutive three digit numbers, there
is an integer divisible by 18. Denote it by n = 100a + 10b + ¢ with a,b,c
denoting integers lying between 0 and 9. It follows that 9 divides n, and hence
9 divides a + b + c. This shows that a 4+ b + ¢ is equal to one of 9,18, 27. Note
that a + b+ ¢ = 27 holds only if n = 999. Since 18 divides n, it follows that
a+ b+ c# 27, and hence, a + b+ ¢ is equal to one of 9,18. This proves that
a + b+ c divides n. |

Exercise 1.52 (China TST 1995 Day 1 P1, AoPS). Find the smallest prime
number p that cannot be represented in the form |3% — 2°|, where a and b are
non-negative integers.

Walkthrough —

(a) Any prime smaller than 41 can be expressed as the absolute value of the
difference of a nonnegative power of 3 and a nonnegative power of 2.

(b) If 41 = 2° — 3%, then b > 3 and hence 3* = —1 mod 8, which is impossible.

(c) Assume that 41 = 3° — 2°. Considering congruence modulo 3, show that
b is an even positive integer. Reduce modulo 4 to show that a is even.

(d) Write a = 2z,b = 2y, and factorize 41.
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I (e) Conclude by obtaining a contradiction.

Solution 43. Note that any prime smaller than 41 can be expressed as the
absolute value of the difference of a nonnegative power of 3 and a nonnegative
power of 2, as shown below.

2=3-1,
3=4-1,

5=9—4,

7=8-1,

11 = 27 — 16,
13 =16 — 3,
17 = 81 — 64,
19 =27 -8,
23 =32 -0,
29 =32 — 3,
31=32-1,
37 = 64 — 27.

Let us prove the following claim.

Claim — The prime number 41 cannot be expressed as the absolute
value of the difference of a nonnegative power of 3 and a nonnegative
power of 2.

Proof of the Claim. On the contrary, let us assume that
41 = |37 — 2°|

holds for some nonnegative integers a, b.

First, let us consider the case that 41 = 2° — 3%, Note that b > 3 holds,
and reducing the above modulo 8, it follows that 3* = —1 (mod 8), which is
impossible.

Now, let us consider the case that 41 = 3% — 2°. Reducing modulo 3, it
follows that 2° =1 (mod 3), which shows that b is even. Note that b is nonzero.
Next, reducing modulo 4, we obtain 3% = 1 (mod 4), which implies that a is
even. Writing a = 2z,b = 2y for some positive integers x, 1y, we obtain

41 = 377 — 2%V = (3% — 2¥)(3" + 2Y)
with 1 < 3% —2¥ < 3% + 2%, which yields
3 —2Y =1,3" 42 =41,

which is impossible.
Considering the above cases, the claim follows. O
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This proves that 41 is smallest prime that cannot be expressed in the given
form. |

Example 1.53 (India RMO 1995 P2). Call a positive integer n good if there
are n integers, positive or negative, and not necessarily distinct, such that their
sum and products are both equal to n. Show that the integers of the form
4k 4+ 1 and 4¢ are good.

Solution 44. Note that 1 is good. Let k be a positive integer. Put
ar=-=ap=1, by =--=b=—1.
Noting that

dk+1=(4k+1)+2(a1 + -+ ar) + 2(by + -+ + by),

2
k
4k +1= (4k+1) (H aibi> )
i=1

it follows that 4k 4+ 1 is good. Also note that for a positive integer £, 4¢ is equal
to the sum, and also equal to the product, of 2,2, ¢ and 4¢ — 2 — 2 — ¢ many
1’s, and hence, 4/ is good. |

Example 1.54 (India RMO 1996 P4). Suppose N is an n-digit positive integer
such that

1. all the n-digits are distinct, and

2. the sum of any three consecutive digits is divisible by 5.

Prove that n is at most 6. Further, show that starting with any digit one can
find a six-digit number with these properties.

Solution 45. If n > 7, then note that the first digit of IV is congruent to its
fourth digit modulo 5, and its fourth digit is congruent to its seventh digit
modulo 5, and hence, its first, fourth and seventh digits are congruent to each
other modulo 5, which is impossible since the digits of n are distinct and no
three integers among 0, 1,2,3,4,5,6,7,8,9 are congruent modulo 5. This shows
that n is at most 6.

Let 0 < a < 4 be an integer. Considering the 3-digit numbers

140,230, 320, 410,

it follows that there are integers 0 < b, ¢ < 4 such that a, b, ¢ are distinct, and
their sum is divisible by 5. Taking

a1 =a,az =b,az =c,a4 = a1 +5,a5 = as + 5,a5 = az + 5,
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it follows that the 6-digit integer
10%a; + 10%as 4+ 10%as + 10%a4 + 10as + ag

has the required properties. |

Example 1.55 (India RMO 1997 P2). For each positive integer n, define
an, = 20+n?, and d,, = gcd(ay,, an11). Find the set of all values that are taken
by d, and show by examples that each of these values are attained.

Solution 46. Let n be a positive integer. Since d,, divides the integers
20 +n?%,20 + (n + 1), it follows that d,, divides

204 (n+1)% — (20 +n?) = 2n + 1,
and d,, also divides
20 4+ (n +1)% + 20 + n? = 41 + 2n* + 2n.
This shows that d,, divides
2(41 4 2n2 +2n) — (2n +1)* = 81.

So, d, is equal to one of 1,3,9,27,81.
Note that

dy = ged(aq, az)
= ged (21, 24)
= 3’

dy = ged(ag, as)
= ged(24,29)
=1

holds.
If d,, = 9, then 9 divides 2n + 1, showing that n = 4 mod 9. Note that

dy = ged(ayg, as) = ged(36,45) =9

holds. If d,, = 27, then 27 divides 2n + 1, implying that n = 13 mod 27. Note
that

dy3 = ged(ars, a14) = ged(189,216) = ged (189,216 — 189) = ged(189,27) = 27

holds. Also note that if d,, = 81, then 81 divides 2n + 1, which shows that
n = 40 mod 81. Observe that

dao = ged(aao, aan)
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= ged (20 + 407,20 + 417%)
= ged(1620,2 - 40 4 1)
=81

holds.
This proves that the set of values taken by d,, are precisely

1,3,9,27,81.
[

Example 1.56 (India RMO 1998 P5). Find the minimum possible least
common multiple (lem) of twenty (not necessarily distinct) natural numbers
whose sum is 801.

Solution 47. Let L denote the minimum possible least common multiple of
twenty (not necessarily distinct) natural numbers, whose sum is 801. Note that
one of these natural numbers is larger than 40 (otherwise their sum would be
no larger than 40 x 20 = 800), and so L is at least 41. Since 801 can be written
as

3+42+42+ - +42 =801,

19 times

we get L < 42. Let us prove the claim below.

Claim — The integer L is not equal to 41.

Proof of the Claim. On the contrary, assume that there exist twenty natural
number numbers 1, ..., Ty satisfying

I’1+"‘+$20:801, lCm(ml,...,l’Qo):lll.

Since 41 is a prime, it follows that 41 divides z; for some 1 <4 < 20. Since 41
is the least common multiple of z1,...,z2, we obtain x; = 41. Note that the
sum 1 + - - - + xog is less than 20 - 41. This shows that not all of 21 + - - - + z9g
is divisible by 41. Reordering the integers x1 + - -- 4+ xo (if necessary), let

1 < k < 20 denote the integer such that none of x1,zo,...,z is divisible by
41, and xgy1, Tryo,-- -, T2 are equal to 41. We obtain that
41 = lem(zq, ..., 241) = lem(lem(zq, . .., zx), 41).
Since none of x4, ...,z is divisible by 41, it follows that lem(z1,...,2;) = 1,
and hence,
Ty =x9=---=x = 1.

This yields
k +41(20 — k) = 801,

which implies that & = 22 mod 41, which is impossible since 1 < k < 19. This
proves the Claim. O
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We obtain that L = 42. [ |

Example 1.57 (India RMO 1998 P2). Let n be a positive integer and
P1,D2; - - -, Pn be n prime numbers all larger than 5 such that 6 divides p? +
p3 + -+ p2. Prove that 6 divides n.

Walkthrough — Observe that any prime larger than 5 is congruent to £1
modulo 6.

Solution 48. Note that any prime number larger than 5 is of the form 6k £ 1.
This yields

pHpa -4 p2 = (£1)2+ (£1)? 4 - + (£1)* mod 6 = n mod 6.
Since 6 divides p? + p3 + - - + p2, it follows that 6 divides n. |

Example 1.58 (India RMO 1999 P2). Find the number of positive integers
which divide 10%°? but not 10998,

Solution 49. Since every divisor of 1098 divides 109%?, the required number
is equal to the difference of the number of divisors of 10°% and 10%°8, which is
equal to (999 + 1)(999 + 1) — (998 + 1)(998 4 1) = 1999. |

Exercise 1.59 (Bay Area MO 1999 P1). Prove that among any 12 consecutive
positive integers, there is at least one which is smaller than the sum of its
proper divisors. (The proper divisors of a positive integer n are all positive
integers other than 1 and n which divide n. For example, the proper divisors
of 14 are 2 and 7.)

I Walkthrough — 3,4,...!

Solution 50. Among any twelve consecutive integers, there is a multiple of 12.
For any positive integer n, note that

3n,4n, 6n
are proper divisors of 12n, and
12n < 3n + 4n + 6n

holds. This completes the proof. |

Example 1.60 (Bay Area MO 2000 P1). Prove that any integer greater than
or equal to 7 can be written as a sum of two relatively prime integers, both
greater than 1.
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Walkthrough — Consider the case of an odd integer, the case of a multiple
of 4, and the case of an even integer, which is not a multiple of 4.

Solution 51. Note that any odd integer can be expressed as the sum of two
relatively prime integers. Indeed, for any integer n, the integer 2n + 1 is the
sum of the relatively prime integers n,n + 1.

For any integer k, note that

Ak = (2k — 1) + (2k + 1)

holds, and the integers 2k — 1,2k + 1 are relatively prime since any of their
common divisors is odd and divides (2k + 1) — (2k — 1) = 2.
For any integer ¢, note that

40+2=(20—1)+ (20 +3)

holds, and the integers 2¢ — 1,2¢ 4 3 are relatively prime since any of their
common divisors is odd and divides (2¢ + 3) — (2¢ — 1) = 4. [ ]

Example 1.61 (India RMO 2000 P6).

1. Consider two positive integers a and b which are such that a®b® is divisible
by 2000. What is the least possible value of the product ab?

2. Consider two positive integers @ and b which are such that a’b® is divisible
by 2000. What is the least possible value of the product ab?

Solution 52. Let a,b denote positive integers such that a®b’ is divisible by
2000 and the product ab is minimum. Note that 2,5 divide ab, which shows
that 10 divides ab, and hence ab > 10. Using that 2000 divides 10'°1!, we
obtain ab = 10.

Now let a,b denote positive integers such that a’b® is divisible by 2000 and
the product ab is minimum. Note that 2,5 divide ab, and hence 10 divides ab.
Moreover, ab < 20 since 2000 divides 4°5%. If ab = 10, then (a, b) is equal to
one of

(1,10),(2,5), (5,2),(10,1),

and in each of this cases, 2000 does not divide a®b®. This shows that ab # 10,
and ab < 20, and ab is a multiple of 10. Observing that 2000 divides 4°5%, we
conclude that ab = 20. |

Example 1.62 (India RMO 2001 P7). Prove that the product of the first 1000
positive even integers differs from the product of the first 1000 odd integers by
a multiple of 2001.
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Solution 53. Note that

2.4-6-11998 - 2000
~1-3-5-----1997 - 1999

= (2001 — 1)(2001 — 3) - - - (2001 — 1997)(2001 — 1999)
— (2001 — 2)(2001 — 4) - - - (2001 — 1998)(2001 — 2000)

holds, which yields

2:-4-6---1998-2000 —1-3-5---1997 - 1999
=1-3-5---1997-1999 —2-4-6---1998 - 2000 mod 2001.

It follows that
2(2-4-6---1998-2000 —1-3-5---1997 - 1999) = 0 mod 2001,
which implies that
2000(2-4-6---1998 - 2000 —1-3-5---1997 - 1999) = 0 mod 2001.
This shows that
2-4-6---1998-2000—1-3-5---1997 - 1999 = 0 mod 2001,

completing the proof. |

Example 1.63 (India RMO 2002 P3, cf. India RMO 2012d P2, India RMO
2012a P2, India RMO 2012b P2, India RMO 2012¢ P2). Let a,b, ¢ be positive
integers such that a divides b2, b divides ¢? and c¢ divides a®. Prove that abc
divides (a +b+¢)".

Example 1.64 (India RMO 2012d P2, c¢f. India RMO 2002 P3, India RMO
2012a P2, India RMO 2012b P2, India RMO 2012¢ P2). Let a,b, ¢ be positive
integers such that a divides b2, b divides ¢? and c¢ divides a®. Prove that abc
divides (a +b+¢)".

Example 1.65 (India RMO 2012a P2, c¢f. India RMO 2002 P3, India RMO
2012d P2, India RMO 2012b P2, India RMO 2012¢ P2). Let a, b, c be positive
integers such that a|b3,b|c® and c|a®. Prove that abc divides (a + b + c)'3.

Example 1.66 (India RMO 2012b P2, c¢f. India RMO 2002 P3, India RMO
2012d P2, India RMO 2012a P2, India RMO 2012¢ P2). Let a,b, ¢ be positive
integers such that a|b*, b|c* and c|a*. Prove that abc divides (a + b + ¢)?L.

Example 1.67 (India RMO 2012¢ P2, cf. India RMO 2002 P3, India RMO
2012d P2, India RMO 2012a P2, India RMO 2012b P2). Let a,b, ¢ be positive
integers such that a|b®, b|c® and c|a®. Prove that abc divides (a + b+ ¢)3L.
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Example 1.68 (India RMO 2002 P3, India RMO 2012d P2, India RMO 2012a
P2, India RMO 2012b P2, India RMO 2012¢ P2).

1. Let a,b, c be positive integers such that a divides b2, b divides ¢? and ¢
divides a?. Prove that abc divides (a + b+ ¢)7.

2. Let a, b, ¢ be positive integers such that a|b3,b|c® and c|a®. Prove that
abe divides (a + b+ ¢)13.

3. Let a, b, c be positive integers such that a|b?,b|c* and c|a?. Prove that
abe divides (a + b+ ¢)?h.

4. Let a,b,c be positive integers such that a|b®,b|c® and c|a®. Prove that
abe divides (a + b+ ¢)3L.

Solution 54. In the following, k& denotes one of the integers 2,3,4,5. Assume
that a | b%,b | ¥, c | a®. Note that if one of a, b, c is equal to 1, then all of them
are equal to 1, and then there is nothing to prove. Henceforth, let us assume
that a, b, c are larger than 1. The given conditions imply that the set of prime
divisors of a, b, ¢ are equal.

Let p be a common prime divisor of a,b, c. Let p®,p?,p” denote the highest
powers of p dividing a, b, ¢ respectively. The given divisibility conditions imply
that

a < kB, B < ky,y < ka
This yields
a+pf+y<at+kia+2a= K +k+1)a,
and similarly, « + 8+~ < (K> +k +1)8, a + 8+~ < (k* + k + 1)7, which
shows that
a+pB+v < (k*+k+1)min{a, 8,7}

Note that p™irt®8:7} divides a+ b+ c. By the above inequality, p*t#+7 divides
(a+b+ c)’“2+k+1. So abe divides (a + b+ c)k2+k+1. Also note that p@tA+>
is the highest power of p dividing abc. This shows that for each common

prime divisg)r p of a, b, c, the highest power of p that divzides abc also divides
(a+ b+ )" +F+1 Tt follows that abe divides (a + b+ c)¥ +F+L, [ |

Solution 55. It suffices to show that abc divides a®b®c” for any nonnegative
integers a, 8, such that o + 8 + v = k%2 + k + 1. Note that

abe | ack | aF R abe | a*+10 | bk2+k+1, abe | bFic | KPR

. .. 2 2 2 ..
which shows that abc divides o Th+1 ph k41 K7+k+1 Noreover, abe divides
a®bPc’ when a, 3,7 are all positive. It remains to consider the case when
exactly one of «, 3, is zero, which we assume from now on. If « = 0, then

abe | b* e | WP i B> k41,
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abe | K | 6P i B < k
holds. If 8 =0, then
abe | Fla| da® if v >k + 1,
abe | aF* e | a™ify <k
holds. If v = 0, then
abe | a1 | P if a > k+ 1,
abe | Bt | a®b? if o < k

holds. This shows that abe divides (a + b+ ¢)¥* +r+1, [ ]

Example 1.69 (India RMO 2003 P2). If n is an integer greater than 7, prove
that (7) — [2] is divisible by 7. [Here (%) denotes the number of ways of
choosing 7 objects from among n objects; also for any real number z, [z]
denotes the greatest integer not exceeding .

Solution 56. If x1,xs,..., 2 are real numbers with kK > 2 and 1 < ¢ # k is
an integer, then we denote by 1 ...Zy...x, the product

L1 - LYg—-1Tp41---Tk-

Let n be an integer greater than 7. Let ¢,r be integers with 0 < r < 6 and
g > 1 such that n is equal to 7g+7. We need to show that ("%7") —q is divisible
by 7, which is equivalent to

6l ((7q7+’") q) — 0mod 7 (4)

since 6! is coprime to 7. Note that 6!(7‘1;”) is equal to

(Tq+r)(Tg+r— 1)(7q+r—2)(7q+r—3)(7q+r—4)(7q+r—5)(7q+7"—6).

7
It follows that
7 —
6!( q;—r) =q-r(r—1)---(r—r)---(r—6)mod 7=¢q-6! mod?7.
This shows that Eq. (4) holds, which proves the result. [ ]

Example 1.70 (India RMO 2005 P2). If z,y are integers and 17 divides both
the expressions x? — 22y + y? — 5z + Ty and x? — 32y + 2y? + x — y, then prove
that 17 divides zy — 12x 4 15y.
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Walkthrough —
(a) Factorize 2* — 3zy + 23> + & — y to show that
z=y (mod17), orxz=2y—1 (mod 17)

holds.

(b) Consider the above cases seperately, and use the divisibility of the other
expression by 17 to obtain some congruence conditions on y. Using these
conditions to read zy — 12z + 15y modulo 17.

Solution 57. Let x,y be integers such that 17 divides both the expressions
2% — 22y + 9% — bz + Ty and 2% — 3zy + 2y? + = — y. Note that

a? = 3wy+2y° +z—y = (x—y)(z -2y +1),
which is divisible by 17. It follows that
r=ymod17, orz=2y—1mod]l7

holds.
Let us consider the case that © = y mod 17. It follows that

22 = 2xy+9® —5x+ Ty = (x — y)> — bz + Ty = 2y mod 17.
Since 17 divides 2% — 2zy + y2 — 5z + Ty, we get 2y = 0 mod 17, which yields
x =y =0mod 17, and hence 17 divides zy — 12z + 15y.

Let us consider the case that = 2y — 1 mod 17. Using 22 — 22y + 3% — 5z +
7y = 0 mod 17, we obtain

2y —1)2—22y -1y +y*>—52y — 1)+ 7y = 0mod 17,
which yields y? —5y+6 = 0 mod 7. This implies that (y —2)(y —3) = 0 mod 17.
This shows that either x = 3 mod 17,y = 2 mod 17 holds, or x = 5 mod 17,y =
3 mod 17 holds. If x = 3 mod 17,y = 2 mod 17 holds, then
xy — 122 + 15y =6 — 36 + 30 = 0 mod 17
holds. If x = 5 mod 17,y = 3 mod 17 holds, then we obtain
zy — 122 4+ 15y = 15 — 60 4+ 45 = 0 mod 17.

This proves that 17 divides zy — 12z + 15y. |

Example 1.71 (India RMO 2006 P2). Find the least possible value of a + b,
where a,b are positive integers such that 11 divides a + 13b and 13 divides
a+ 11D.
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Solution 58. Let a,b be positive integers such that 11 divides a 4+ 13b and
13 divides a + 11b. It follows that 11 divides 6a + 78b = 6a + b + 77b, and 13
divides 6a 4 66b = 6a + b + 65b. This shows that 6a + b is divisible by 11 and
13. Since the integers 11,13 are relatively prime, we obtain that 11 -13 = 143
divides 6a + b.

If b > 4, then we obtain

6a + 6b = 6a + b+ 5b > 143 + 20 = 163,

which implies that
a+b>28.

If b = 1, then 6a + b = 143 admits no solutions in the integers, and hence
6a+b > 3-143 holds, which implies that a+b > (6a+b)/6 > 28. If b = 2, then
6a + b = 143 admits no solutions in the integers, and hence 6a + b > 2 - 143
holds, which shows that a +b > (6a + b)/6 > 28. If b = 3, then 6a + b = 143
admits no solutions in the integers, and hence 6a + b > 3 - 143 holds, which
implies that a + b > (6a + b)/6 > 28. Considering these cases, it follows that
a+b>28.

Note that a = 23,b = 5 satisfy the given conditions. This shows that least
possible value of a + b accross all positive integers a,b satisfying the given
divisibility conditions is 28. |

Solution 59. Let a,b be positive integers such that 11 divides a + 13b, 13
divides a + 11b. It follows that a + 2b is equal to 11m, and a — 2b is equal to
13n for some integers m,n with m > 1. This gives

11m + 13n 11m — 13n 33m + 13n
a= b= ,a+b=—-——.
2 4 4
Since b is an integer, we obtain 3m = n mod 4. If (m,n) is equal to (3,1), then
note that
_ 1Im+13n 5. 11m — 13n

A ,B =
2 4

are positive integers satisfying
A+ B=23+5=28,

and 11 divides A + 2B and 13 divides A — 2B, or equivalently, 11 divides
A+ 13B and 13 divides A + 11B. This shows that a + b < 28. Since m is
positive, we get

33+ 13n < 33m + 13n

= <
1 < 1 a—+b <28,

11 —13n 11m — 13n
<

= <2
1 < 1 b<a+b<28,

Some style files, prepared by Evan Chen, have been adapted here. 53


https://github.com/vEnhance/dotfiles/blob/main/texmf/tex/latex/evan/evan.sty
https://web.evanchen.cc/otis.html

https://jpsaha.github.io/MOTP/

which gives —7 < n < 6. Note that if n is nonnegative, then we obtain

33
Tm< a+b< 28,

which gives m < 3, and when n is negative, we have

33m + 13n

<2
4 =2,

which gives
33m <112 —-13n < 112413 - 7 = 203,

implying m < 6. Moreover, we have
2 13| | > |n|
m 2 g7ln n|.

Noting that m + n = 0 mod 4 holds, it follows that the pair (m,n) is equal

to one of (3,1),(6,—2),(5,—1). If (m,n) is equal to (6,—2),(5,—1), then
b = Hm_I3n g Jarger than 28. Consequently, (m,n) is equal to (3,1). This
shows that the least value of a + b is 28. |

Example 1.72 (India BMath 2007 P1). Let n be a positive integer. If n has
odd number of divisors (other than 1 and n), then show that n is a perfect
square.

Example 1.73 (India RMO 2009 P3). Show that 32098 442009 can be written
as product of two positive integers each of which is larger than 2009'82.

Solution 60. Note that 32008 4 42009 ig equal to 42* 4 y* where z = 4°02 ¢y =
3°02, Also note that

32008 4 42009 — (222 4 % — 22y) (227 + y° + 27y)
holds. Since x # y, it follows that the integers 222 +y% + 2zy, 222 +y? — 22y are
strictly larger than 22. So it suffices to show 2 > 200982, which is equivalent
to = > 2009°!, which follows since

o = 4502 _ 91004 | 91191 _ 904091 < 90491

holds. |

Example 1.74 (India RMO 2011a P3). A natural number n is chosen strictly
between two consecutive perfect squares. The smaller of these two squares is
obtained by subtracting k from n and the larger by adding ¢ to n. Prove that
n — kf is a perfect square.
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Solution 61. Let m be a positive integer such that
mP=n—k(m+1)2=n+¢
holds. This yields

n—kl=n—n-m?)((m+1)?2—n)
=n+n?—n(m?+ (m+1)%) +m?*(m+1)>2
=n? —n(2m? 4 2m) + (m? + m)?

2 2

=(n—m*—m)*,

which is a perfect square. |

Example 1.75 (India Pre-RMO 2012). Let P(n) = (n+1)(n+3)(n+5)(n+7).
What is the largest integer that is a divisor of P(n) for all positive even integers
n?

Solution 62. Note that

P(2)=3-5-7-9,
P(10) =11-13-15- 17,
P(16) =17-19-21-23
holds. Also note that for any integer n, at least one of n + 1,n+3,n+ 5

is divisible by 3. It follows that the largest integer that divides P(n) for all
positive even integers n is equal to 3. |

Example 1.76 (India RMO 2012f P2). Let n be a positive integer such that
13 divides n? + 3n + 51. Show that 169 divides 21n? + 89n + 44.

Solution 63. Note that the polynomial X2+3X +51 is congruent to X2+3X —1
modulo 13, which vanishes at 5 mod 13, and its discriminant is congruent to
0 modulo 13. This shows that the polynomial X? + 3X + 51 is congruent to
(X —5)2 modulo 13. So n is congruent to 5 mod 13.

Note that the discriminant of 21.X2 + 89X + 44 satisfies

897 —4.21-44=(-2)>—4-(-5)-5=4-26 mod 13,

and hence this polynomial is congruent to 21(X — k)? modulo 13 for some
integer k. Observing that

21-5%24+89-5+44=(-5)-(=1)—2-5+5=0mod 13,

it follows that k is congruent to 5 mod 13. This implies that 21X? 4 89X + 44
is congruent to 21(X — 5)2 modulo 13. Since n is congruent to 5 mod 13, it
follows that 169 divides 21n2 + 89n + 44. |
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Example 1.77 (India RMO 2012e P6). A computer program generated 175
positive integers at random, none of which had a prime divisor greater than 10.
Prove that there are three numbers among them whose product is the cube of
an integer.

Solution 64. Denote these integers by
gai13bigciydr gazgbageands . 9airsgbirs peirsydirs

By pigeonhole principle, there exists a subset A of {1,2,...,175} of size 59 such
that the integers a;, for 7 in A, are congruent to each other modulo 3. By the
same principle, it follows that there exists a subset B of A of size 20 such that
the integers b;, for ¢ in B, are congruent to each other modulo 3. Applying the
same principle, we obtain a subset of C' of B of size 7 such that the integers ¢;,
for ¢ in C, are congruent to each other modulo 3. Using the principle principle
once again, we get a subset D of C' of size 3 such that the integers d;, for 4
in D, are congruent to each other modulo 3. Since D C C' C B C A holds, it
follows that the product of the three integers

gaigbigeirdi j e D

is a perfect cube. |

Example 1.78 (India RMO 2013d P2). Determine the smallest prime that
does not divide any five-digit number whose digits are in a strictly increasing
order.

Solution 65. Note that 2 divides 12346, 3 and 5 divide 12345, and 7 divides
12348. Hence, the smallest prime satisfying the required condition is at least
as large as 11.

Let (abede)1g be a five-digit number in base 10 with 1 <a <b<ec<d <
e < 9. Note that

a—b+c—d+e=(a—b)+(c—d)+e<e<9
holds, and
a—b+c—d+e=a+(c=b+(e—d)>a>1

holds. This shows that 11 does not divide a — b+ ¢ — d + e, or equivalently 11
does not divide the integer (abede)ig. Since 11 does not divide any five-digit
number whose digits are in a strictly increasing order, it follows that the

smallest prime satisfying the required condition is at most 11.
We conclude that 11 is the smallest prime satisfying the required condition.
|
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Example 1.79 (India RMO 2013e P5). Let a,bq, ¢; be natural numbers. We
define
a9 = ng(bl7 C]), b2 = ng(Cl, CL1)7 Co = gcd(al, bl)

and
ag = lem(be, c2), b3 =lem(co,as), c3 =lem(ag,bs).

Show that ged(bs, c3) = as.

Solution 66. It suffices to show that the highest power of p dividing ged(bs, ¢3)
and ay are equal for any prime p. Fix a prime number p. Let p®, p¥, p* denote
the highest powers of p dividing a1, b1, ¢1 respectively. So the highest exponents
of p dividing as, ba, o are

min{y, z}, min{z, z}, min{z, y}
respectively. Thus the highest exponents of p dividing b3, c3 are
max{min{z, y}, min{y, z} }, max{min{y, 2}, min{z, z}}
respectively. So it remains to show that

min{max{min{z, y}, min{y, z}}, max{min{y, z}, min{z, 2}}} = min{y, 2}
(5)
holds. Note that min{z, y}, min{y, z} are less than or equal to y, which gives

max{min{z, y}, min{y, z}} < y.
Similarly, it follows that
max{min{y, z}, min{z,2}} < z.
This gives that
min{max{min{z, y}, min{y, z}}, max{min{y, z}, min{z, 2} }} < min{y, z}.
Note also that

max{min{z, y}, min{y, z}} > min{y, z},
max{min{y, z}, min{z,2}} > min{y, z}

holds, which yields
min{max{min{z, y}, min{y, z}}, max{min{y, z}, min{z, 2} }} > min{y, z}.

This proves that Eq. (5) holds. |

Example 1.80 (India RMO 2014c P3). Prove that for any natural number
n < 2310, n(2310 — n) is not divisible by 2310.
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Solution 67. Suppose n < 2310 is a positive integer such that n(2310 — n) is
equal to 2310k for some positive integer k. It follows that there are positive
integers a, b such that a divides n, b divides 2310 — n and ab = 2310. Note that
b also divides n. This shows that n is divisible by the least common multiple
of the integers a and b, that is, by ab/ ged(a,b). Note that

2310=2-3-5-7-11

holds, and hence 2310 is a square-free integer. Since ab is equal to 2310, it
follows that ged(a,b) = 1. This shows that ab divides n, that is, 2310 divides
n, which is impossible. This completes the proof. |

Example 1.81 (India RMO 2014b P3). Find all pairs of (x,y) of positive
integers such that 2z + 7y divides 7x + 2y.

Solution 68. Let (z,y) be a pair of positive integers such that 2z + Ty divides
Tx+2y. Let d denote the positive integer such that 7x+2y is equal to (2x+Ty)d.
This gives

7(z —dy) = 2(dz — y).
Since the integers 2,7 are relatively prime, it follows that 2 divides z — dy and
7 divides dx — y. This shows that

x—dy drx—y
2 2
holds for some integer k. This shows that

=k

r—dy =2k, dx—y=7TEk,
which gives
(d* — 1)z = (7d —2)k, (d* — 1)y = (7—2d)k.

Since y is positive, we obtain d < 3. Note that if d = 1, then k£ = 0 and hence
x=y. If d =2, then (x,y) is equal to (4k, k), and if d = 3, then (z,y) is equal
to (L2k, £k), in which case k is a multiple of 8. So (x,y) is an element of the

set
oo

U {(r,r), (4r,r), (19r,7)}.

r=1
Also note that for any element (a,b) of this set, the integer 2a + 7b divides
7a + 2b. This proves that the required pairs form the above set. |

Example 1.82 (India RMO 2014b P4). For any positive integer n > 1, let

P(n) denote the largest prime not exceeding n. Let N (n) denote the next prime

larger than P(n). (For example P(10) = 7 and N(10) = 11, while P(11) =11

and N(11) =13.) If n + 1 is a prime number, prove that the value of the sum
1 1 1 1 n—1

* + T PNm) a2
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Solution 69. Let p, denote the n-th prime for n > 1. Note that for any
integer m with p, < m < p,+1 — 1, the integer P(m)N(m) is equal to p,pni1-
This gives

Pnt1—1
_ Pny1—Pn 1 1

1
m;pn P(m)N(m) B PnPn+1 Prn Dn4l

Let k denote the positive integer such that n + 1 is equal to pi. Note that

1 1 1 1
PRNQ) | PBNG) T P@NE T PyNMm)
p2—1 1 p3—1 1 pr—1 1
- ,,; P(m)N(m) ,; Pm)Nm) " m; P(m)N (m)
1 1 1 1 1 1
- (m_pz> +(pz_p3> *(pkl —pk)
_1 1
B P1 Pk
11
T2 p+1
_on-— 1
C 2n 42

Example 1.83 (India RMO 2014d P3). Determine all pairs m > n of positive
integers such that

l=ged(n+1,m+1)=ged(n+2,m+2)="--=ged(m,2m — n).
Solution 70. Let m > n be positive integers satisfying the given condition. It
follows that

1=ged(n+1,m—n)=ged(n+2,m—n)="---=ged(m,m —n).

Note that the positive integer m —n is relatively prime to the m —n consecutive
integers
n+1l,n+2...,m.

This implies that m —n = 1.
Note that if m — n = 1 holds for two positive integers, then

1=ged(n+1,m—n)=ged(n+2,m—n)="---=ged(m,m—n)
holds, and which yields
l=ged(n+1,m+1)=ged(n+2,m+2)="--=ged(m,2m — n).

This proves that the pairs (m,n) satisfying the given condition are precisely
of the pairs of the form (n + 1,n) as n ranges over the positive integers. W
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Example 1.84 (India RMO 2016d P3). The present ages in years of two

brothers A and B, and their father C' are three distinct positive integers a, b,

: b—1 b+1 o c—1
and c respectively. Suppose = and 1 are two consecutive integers, and =}

and gi} are two consecutive integers. If a + b + ¢ < 150 determine a,b and c.

Solution 71. Note that
b—1 b+1 (a+1)(b—1)—(a—1)(b+1) 2(b—a)

a—1 a+1 a?—1 a? -1
holds, and

c—1 c+1 (O+1)(c=1)—=(b—-1)(c+1) 2(c—0b)

b—1 b+1 b2 —1 -1

holds. Note that if a > b, then

2(a —b)

=1
a?—1

holds, which yields
2—-2b=(a—1)2

which gives a = 2, and b = 0, which is impossible since b > 1. This shows that
a < b. It follows that
2(b—a)
a? -1

2(c—1b)
b?—1

:]_7 :]_

hold. This yields
2(b—a)=a*—1,
20c—b) =b*—1,
which implies

20 =a’+2a—1,
2c=1b%+2b—1.

Note that a,b are odd, and

holds. This shows that

1)? 1)4
a+b+c+3=a+1+(a—; ) +(a—; ) .
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Using the bound a + b + ¢ < 150, we obtain

1)2 1)4
a—l—l—l—(a—; ) +(a4; )" < 153,

which shows that a < 4. Since a is odd, it follows that a = 3. It follows that

b=7, c¢=231
Note that the triple (a,b,c) = (3,7, 31) satisfies a + b+ ¢ < 150, and =1 =3
and Ziﬁ = 2 are two consecutive integers, and ‘g: =5 and Zﬁ = 4 are two

consecutive integers.
This proves that
a=3, b=7 c=23l

Example 1.85 (India RMO 2016¢ P3). Let a,b,c,d, e, f be positive integers
such that

0‘\@

<8
SaT T
Suppose af — be = —1. Show that d > b+ f.
Solution 72. The given conditions yield
ad < be, cf <de.

This gives
adf <bcf — f <bde—b—f,

which implies
d(be —af) > b+ f.

It follows that d > b+ f. |

Example 1.86 (India RMO 2016g P3). a,b, ¢, d are integers such that ad + be
divides each of a, b, c and d. Prove that ad + bc = *1.

I Remark. What happens when a, b, ¢, d are equal to zero?

Solution 73. Note that there exist integers p, g, r, s such that

a = p(ad + be),
b = q(ad + bc),
¢ =r(ad + bc),
d = s(ad + be)
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holds. This yields
ad + be = (ps + qr)(ad + be)?.

If ad 4+ bc = 0, then all of the integers a,b,c,d are equal to zero, which is
impossible. This shows that ad + bc is nonzero, and hence, we obtain

(ps+ gr)(ad 4+ be) =1,

which implies
ad 4+ bc = +£1.

Example 1.87 (India RMO 2016g P6). Positive integers a, b, ¢ satisfy < + 1 +
% < 1. Prove that é + % + % < %. Also prove that equality in fact holds in
the second inequality.

Solution 74. Let a,b, ¢ be positive integers satisfying
1

1
Z <1, 6
;to < (6)

1
-+
a
Since % + % + % is symmetric with respect to a, b, ¢, by reordering them (if
necessary), we may (and do) assume that a < b < ¢. Using Eq. (6), it follows
that a > 2.
Let us consider the case that a = 3. Using Eq. (6) it follows that one of b, ¢
is greater than 3, and hence

+1+ —2+1

3 3 4
_9
12
i
T4
<41
42

holds.

Now, let us consider the case that a = 2. Using Eq. (6), it follows that the
integers b, ¢ are greater than or equal to 3. If b = 3, then using Eq. (6), it
follows that ¢ > 6, which shows that

tol1_1 1

a b ¢ 2 3 ¢
5 1
<24z
*6+7
_a
42
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holds. If b = 4, then using Eq. (6), it follows that ¢ > 4, which shows that

L1 111
a b ¢ 2 4 ¢
<-+
Q
20
41
< —
42
holds. If b > 5 holds, then using Eq. (6), it follows that
1
b

1 1
S4sH+-<
a C

<

holds. This proves the inequality

PR
Observing that

11 1 41

2 3 T T
holds, it follows that equality holds in the above inequality for some choice of
a,b,c. [ |

Example 1.88 (India RMO 2016e P2). Consider a sequence (ay)x>1 of natural
numbers defined as follows: a; = a and ay = b with a,b > 1 and ged(a,b) =1
and for all £ > 0, ag42 = ax+1 + ax. Prove that for all natural numbers n and

k, ged(an, angr) < %

Remark. Note that for the above inequality, it is necessary that a; > 3. In
fact, if a1 = 2, then the above inequality is not strict for k£ = 1.
Solution 75. Consider the sequence { f,, },>1 satisfying the recurrence relation

fose = fas1+ fn, foranyn>1,
and f; =0, fo = 1. Note that

an = afn_1+bfn, foranyn > 2.
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Claim — For any integers n > 2,k > 1,

fn—i—k—l = fn—lfk + fnfk+1

holds.

Proof of the Claim. It suffices to consider the case k > 2. Note that

(=G5, 2
1 1) \fnsr fogo

holds for n = 1, and if it holds for n = m for some integer m > 1, then it holds
for n =m + 1 since

o NN (0 1\ ( fm for
11 L 1) \fms1 fmso
_ < fm+1 fm+2 >
Jmsr+ fm fma2 + fm1
— <fm+1 fm+2>
fmt2  fm+s
holds. This shows that the above holds for any positive integer n. Consequently,
for any integers n, k > 2, it follows that

(fn—l f ) ( Jr fk+1) _ (0 1)n_1+k _ (fn-i—k—l frvk >
fo frnv1) \Sr+1 fre2 11 fotk  fogr+r)’
which yields

Srtk—1 = fa1Sr + fofesr

Let n, k be positive integers. Using the above Claim, we obtain

Antk = afptk—1 + bfnk
= a(fo—1fk + fafi+1) + 0(fo—1fe1 + frfr+2)
= a(fo-1fi + fafr+1) T 0(fa—1fot1 + fafie + fafis1)
= (afn—1 +bfn)fr + (afn +bfn_1+bfn)frr1
= anfr + (afn +bfn+1) frt1
= anfk + ant1frt1-

This yields

ged(an, anyr) = ged(an, an fr + ani1frit)
= ng(ana an+1fk+1)~
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Note that
ged(an, apy1) =1

holds for n = 1, and if it holds for n = m for some positive integer m, then
ng(am+1a CLm-l—Q) = ng(am+la Am+1 + am)

= ng(am+17 am)
= 17

which shows that the integers a,,a,+1 are relatively prime for any positive
integer n. If a; > 3, then it follows that

a1
ged(an, ant1) =1 < 5

that is, for £ = 1, the inequality

a
ged(an, antx) < ?k

holds. Moreover, if k& > 2, then using the above, we obtain

ged(an, Gnyr) = ng(am Jre1)
< frgt
= fo_1+ fr

_ b
< af 12+ fr

This completes the proof. |

Example 1.89 (India RMO 2017a P2). Show that the equation
a4+ (a+1)3 4+ (a+6)3 ="+ (b+1)*

has no solutions in integers a, b.

I Walkthrough — Read it modulo !

Solution 76. Note that the fourth powers of the integers 0,1,2,3,4,5,6 are
congruent to 0,1,2,4,4,2,1 modulo 7 respectively. The shows that the sum of
the fourth powers of two consecutive integers is congruent to one of

04+1,14+2,2+44,4+22+1,1+0
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modulo 7. Hence, the sum of the fourth powers of two consecutive integers
is not divisible by 7. Also note the cubes of seven consecutive integers is
congruent to

03+ 13423 £33 143 153 4 63

modulo 7, which is congruent to
13 42° 435 4+ (=3)° + (-2) + (-1)° =0

modulo 7. This shows that the sum of the cubes of seven consecutive integers
is not equal to the sum of the fourth powers of two consecutive integers. This
completes the proof. |

Example 1.90 (India RMO 2017b P2). For any positive integer n, let d(n)
denote the number of positive divisors of n; and let p(n) denote the number
of elements from the set {1,2,...,n} that are coprime to n. (For example,
d(12) = 6 and ¢(12) = 4.) Find the smallest positive integer n such that
d(p(n)) = 2017.

Solution 77. Let n be the least among the positive integers (if any) satisfying
d(e(n)) = 2017. Observe that ¢(n) is not equal to 1. Let ¢(n) = p{*...por
denote the factorization of ¢(n) into the product of the powers of distinct
primes. We obtain

(a1 +1)... (e +1) =2017.

Noting that 2017 is a prime, it follows that » = 1, and ay = 2016, that is, ¢(n)
is the 2016-th power of a prime. Since ¢(n) is larger than 1, it follows that it is
an even number, and hence, ¢(n) is equal to 22916, Note that if an odd prime ¢
divides n, then ¢ does not divide n, and ¢ — 1 is a power of 2. It follows that n
is equal to 2¥p; ... p,, where k, m are nonnegative integers, and p; < --- < py,
are distinct odd primes, and p; — 1 is a power of 2 for any 1 < i < m.

Claim — If p is an odd prime such that p — 1 is a power of 2, then p is
equal to 22" + 1 for some integer i > 0.

Proof of the Claim. 1t suffices to consider the case p > 5. Write p = 2% + 1.
Note that a > 2. If a is odd, then p is divisible by 3, and p > 3, which is a
contradiction to the primality of p. This shows that a is even. If a is not a
power of 2, then writing a = 2%¢ for some positive integers b, ¢, with ¢ an odd
integer, it follows that p is divisible by 22" 4 1, which shows that c is equal to
1. This completes the proof. O

Note that the above Claim shows that for any 1 < ¢ < m, p; is equal to
22" 41 for some nonnegative integer a;.
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Claim — For no integer 1 < i < m, the prime p; is equal to 22" + 1.

Proof of the Claim. Note that 641 = 5-27 + 1 is a prime. This gives 5-27 =
—1 mod 641, which yields 5* - 228 = 1 mod 641. Using 641 = 2* + 54, it follows
that 232 4 1 is divisible by 641. Since 232 + 1 is larger than 5-27 4+ 1 = 641,
the Claim follows. O

Let us first consider the case that & = 0. Since ¢p(n) = 22916 < 22" holds, it
follows that

pm <227 41,

The first Claim shows that {p1,...,pm} is a subset of
{221+1\0§i§10}.

This shows that

221 = o(p1 .. .pm)

< H 22" (using the second Claim)
0<i<10,i%£5
— ol +2+4+8+16+64+128+256+512+1024

__ 92015
=2 ,

which is impossible.
Let us consider the case that £k > 1. If m > 1, then note that

n>28pr —1)(p2— 1) ... (pm — 1)
and
p(n) = o(2"(p1 — (p2 — 1) ... (pm — 1))

hold, which contradicts the minimality of n. This shows that m = 0, that is, n
is a power of 2, and hence, n = 22017,
Noting that

d(¢(22017)) _ d(22016) = 92017
holds, it follows that the smallest positive integer n satisfying d(¢(n)) = 2017

is 22017, |

Example 1.91 (India RMO 2018a P5). Find all natural numbers n such that
1+ [v/2n] divides 2n. (For any real number z, [z] denotes the largest integer
not exceeding x.)
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Solution 78. Let n be a positive integer such that 1+ [v/2n] divides 2n. Write
2n=m?+k

where m is a positive integer, and k is an integer satisfying 0 < k < 2m. Note
that
1+ [V2n]=m+1

holds. Since 1+ [v/2n] divides 2n, it follows that

2n m2+k

1+ [v2n] m+1
(m+1)2-2m+1)+k+1
m+1

is an integer, which shows that m + 1 divides £ + 1. Using 0 < k < 2m, we
obtain k = m, which yields

m(m+ 1)
—

Conversely, if n is equal to
m(m+1)
2
for some positive integer m, then 1 + [v/2n] divides 2n.

This proves that the positive integers satisfying the given condition are
precisely the integers of the form

m(m+ 1)
2

for some positive integer m. |

Example 1.92 (India RMO 2018a P3). For a rational number r, its period is
the length of the smallest repeating block in its decimal expansion, for example,
the number » = 0.123123123... has period 3. If S denotes the set of all
rational numbers of the form r = 0.abcde fgh having period 8, find the sum of
all elements in S.

Solution 79. The sum of all rational numbers of the form 0.abcde fgh is equal
to
i1 o is 1
2 (10+102+ +108)11'

0<i1,i2,...,is<9 108
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Note that the rational numbers of the form 0.abcdefgh which have period less
than 8, are of period 1 or 2 or 4, and hence, they are of the form 0.abcd. The
sum of such rational numbers is equal to

3 LS B
10 " 10 107)1- %

0<i1,i2,i3,14<9

It follows that the sum of the rational numbers of the given form having period
8 is equal to

3 2o sy L
10 102 108 ) 1 — L
ig<9 1

0<i1,32,...,%

-y K SR
10 102 104)1- 2

0<1,i2,i3,i4<9

9
11 1 1
— 107 ; - P
=10 (Zz) (10+102+ +108)1—118

=0

9
11 1 1
—103 i e T
O(Zz><10—|—102—|— +10>1—114

i=0

()5 (3)

=5x10" -5 x 10°
= (50000 — 5) x 10°
= 49995000.

Solution 80. Note that the rational numbers of the form 0.abcdefgh, not
having period 8, have period 1 or 2 or 4, and hence, are of the form 0.abcd.
This shows that there are precisely 108 — 10* rational numbers of the form
0.abcde fgh, having period 8.

Observe that

0.abcde fgh — 0.abcdefgh,

where x = 9 — x for any =z € {a,b,c,d,e, f,g,h}, defines a map of order two
from S to S, and this map has no fixed points. This shows that each element
of S can be paired with its image under this map, and it produces %|S | many
pairs. Note that the sum of the elements of any such pair is equal to

0.999999 = 1.
Consequently, the sum of the elements of S is equal to

1 108 — 104
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Example 1.93 (India RMO 2019b P1). For each n € N let d,, denote the
greatest common divisor of n and (2019 — n). Find value of dy +dy + -+ +
dao1s + d2019-

Solution 81. Note that for a positive integer n, the greatest common divisor
of n and 2019 — n is equal to the greatest common divisor of n and 2019. Also
note that 2019 = 3 - 673, and that 3,673 are primes. This shows that for
an integer n satisfying 1 < n < 2019, the greatest common divisor of n and
2019 — n is equal to

1 if n is relatively prime to 3 and to 673,
3 if 3 divides n,
673 if 673 divides n.

This yields

dy +do + - - - + dao1s + doo19

= > 1+ > 3+ > 67342019

1<n<2019, 1<n<2019, 1<n<2019,
ged(n,2019)=1 3n 673|n

2019 2019 2019
3 673  3.673

=2.672+3-672+5-673

=5-1345

= 6725.

= 2019 — +3-672+673-2+3-673

Alternative solution. Note that for a positive integer n, the greatest common
divisor of n and 2019 — n is equal to the greatest common divisor of n and
2019. Also note that 2019 = 3 - 673, and that 3,673 are primes. It follows that

dy +do + - -+ dao1o

— ged(1,2019) + ged(2, 2019) + - - - + ged(2019, 2019)

= (ged(1,3) + ged(2, 3) + ged(3, 3)) (ged(1, 673) + ged(2,673) + - - - + ged(673, 673))
=1+1+3)1+1+---4+1+673)

= 5. (672 + 673)

=5-1345

= 6725.
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Example 1.94 (India RMO 2023a P2). Given a prime number p such that 2p
is equal to the sum of the squares of some four consecutive positive integers.
Prove that p — 7 is divisible by 36.

Walkthrough — Show that the sum of four consecutive squares is congruent to
6 modulo 8, and conclude that p = 3 mod 4. Considering congruence conditions
modulo 3, prove that the smallest of the four consecutive numbers is a multiple
of 3. Deduce that the sum of the four consecutive squares is 5 modulo 9.

Solution 82. Let p be a prime satisfying the given condition. Write
2p=2+ (z+1)? + (z +2)> + (z + 3)?
where x is a positive integer. Note that
2 2 2 2 _ 4.2
@+ 1)+ (2 +2)"+ (x+3)° =42” + 120 + 14

=4z(z+1)+6 mod 8
= 6 mod 8
holds. It follows that 2p is congruent to 6 modulo 8, which shows that p is
congruent to 3 modulo 4.
Note that if £ = +1 mod 3, then
42® + 12z + 14
=22+ 2mod 3
= 0 mod 3

2?24+ (x4 1)+ (x+2)% + (z+3)°

holds, which shows that 3 divides 2p, and hence p = 3. However, 6 cannot be
expressed as the sum of four consecutive positive integers since 32 > 6. This
shows that x is divisible by 3. It follows that

P+ +(+2) +(x+3) =42 + 1220 + 14
= 14 mod 9.

So, 2p — 14 is a multiple of 9, and hence, it is an even multiple of 9, implying
that p — 7 is a multiple of 9. Since p = 3 mod 4, we obtain p = 7 mod 36. W

Example 1.95 (India RMO 2023b P1). Let N be the set of all positive integers
and
S = {(a,b,c,d) eN* 402+ 2 = d2}.

Find the largest positive integer m such that m divides abed for all (a,b, ¢, d) €
S.
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Walkthrough —
(a) Show that (1,2,2,3) lies in S, and deduce that m divides 12.

(b) Let (a,b,c,d) be an element of S. Show that at least one of a,b,¢,d is
divisible by 3, and at least one of them is even.

(¢) Prove that if d is even, then at least one of a, b, ¢ is even, and that if d is
odd, then at least two of a, b, ¢ are even.

(d) Conclude that m is divisible by 2 -2 - 3.

Solution 83. Let m denote the largest positive integer such that it divides
abed for all (a,b,c,d) in S. Note that 12 4 22 + 22 = 32 holds, which shows
that (1,2,2,3) lies in S. This shows that m divides 12.
Let (a, b, ¢, d) be an element of S. Note that at least one of a, b, ¢, d is divisible
by 3 since
(£1)% + (£1)% + (£1)? £ (£1)* mod 3.

Also note that if all of a, b, ¢, d are odd, then we obtain
(1) + (£1)% 4 (£1)? = (£1)? mod 4,

which is impossible. It follows that at least one of a, b, ¢, d is even.

If d is even, then at least one of a, b, ¢ is even because the sum of squares of
three odd integers is congruent to 3 modulo 4. If d is odd, then at least one of
a,b, cis even. Note that 0+ (41)2 + (£1)? # (£1)? mod 4, which shows that
if d is odd, then at least two of a, b, ¢ are even. This implies that at least two
of a,b,c,d are even. Hence, m is divisible by 2-2 -3 = 12.

This proves that m = 12. |

Example 1.96 (India RMO 2024a P4). Let n > 1 be a positive integer. Call
a rearrangement ai, ds, ..., a, of 1,2,... n nice if for every k = 2,3,...,n, we
have that a? + a% + - -+ + a2 is not divisible by k. Determine which positive
integers n > 1 have a nice arrangement.

Solution 84. If n is an odd positive integer and is not divisible by 3, then the
sum of the squares of 1,2,...,n, that is, the integer

nn+1)(2n+1)

6
is a multiple of n. This shows that if n > 1 is an integer relatively prime to 6,
then 1,2,...,n do not admit any nice rearrangement.
Claim — For any positive integer k, the following rearrangement of
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1,2,...,6k (to be read accross the rows)
2 1 3 4 6 )
8 7 9 10 12 11

14 13 15 16 18 17

6k—4 6k—5 6k—3 6k—2 6k 6k—1

is nice.
Proof of the Claim. Note that
22412 (241)(2-2+41)

2 6
22+12+3%2  (3+1)(2:3+1)
5 —
22412432 +42  (441)(2-4+1)
4 B 6
224+124+32+42+62 (5+1)(2-5+1)  6>—52
= +
5 6 5
22+12+32+424+62+5%  (6+1)(2-6+1)
6 B 6

are not integers. This proves the Claim for k = 1. Let k be a positive integer
such that the Claim holds. Consider the rearrangement (to be read accross the
rows)

2 1 3 4 6 5
8 7 9 10 12 11
14 13 15 16 18 17

6k—4 6k—5 6k—3 6k—2 6k 6k—1
6k+2 6k+1 6k+3 6k+4 6k+6 G6k+5
of 1,2,...,6k + 6. Note that
SR 24 (6k+2)°  6k(12k+ 1) (6k +2)°
6k + 1 N 6 6k + 1

is not an integer since the integers 6k + 1,6k + 2 are relatively prime and 6k + 1
is larger than 1. Observe that

SOk 24 (6k+2)2+ (6k+1)2  (6k +3)(12k +5)

6k 4 2 6
is not an integer since the integers 6k + 3,12k + 5 are odd. Also note that

SO 2 (6k 4+ 2)2 + (6k 4+ 1)2+ (6k +3)2  (6k+4)(12k +7)

6k 43 6
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since 3 does not divide any of 6k + 4,12k + 7. Notice that

SO 2 (6k 4+ 2)2 + (6k + 1) + (6k +3)2 + (6k +4)2  (6k +5)(12k + 9)

6k + 4 6

is not an integer since 6k + 5,12k + 9 are odd integers. Observe that

SOk 42 4 (6K 4 2)% + (6 + 1) + (6k + 3)? + (6k + 4)® + (6k + 6)?

6k + 5
(6k +6)(12k +11)  (6k +6)2 — (6k + 5)2
= +
6 6k +5

is not an integer since the integers 6k + 5, 6k + 6 are relatively prime and 6k + 5
is larger than 1. Also note that

SO0 2 (6k 4 2)2 + (6k 4+ 1)% + (6k + 3)% + (6k + 4)% + (6k + 6)% + (6k + 5)2
6k + 6

(6 + 7)(12k + 13)
6

is not an integer since the integers 6k + 7,12k 4 13 are relatively prime to 6.
By induction, the Claim holds for any positive integer k. O

By the above Claim, it follows that if n is a positive integer and n is not
relatively prime to 6, then the integers 1,2, ..., n admit a nice rearrangement.
This proves that the positive integers n > 1, admitting a nice rearrangement,
are precisely those which are not relatively prime to 6. ]

Example 1.97 (India RMO 2024b P1). Let n > 1 be a positive integer. Call
a rearrangement ai, as, ..., a, of 1,2,... n nice if for every k = 2,3,...,n, we
have that a; + as + - -+ + ag is not divisible by k.

1. If n > 1 is odd, prove that there is no nice arrangement of 1,2,... n.

2. If n is even, find a nice arrangement of 1,2,... n.

Solution 85. Note that if n > 1 is an odd positive integer, then for any
rearrangement a, as,...,a, of 1,2,... n, the integer

n+1

ap+-Fa,=14+2+---4+n=nx 2

is divisible by n. This proves the first part.
For any even positive integer n, a nice rearrangement of 1,2, ..., n is provided
by the Claim below.
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Claim — For any even positive integer n,
2,1,4,3,6,5,8,7,...,n,n—1

is a nice rearrangement of 1,2,... n.

Proof of the Claim. Note that the Claim holds for n = 2. Let n be an even
positive integer satisfying the Claim. Consider the rearrangement

2,1,4,3,6,5,8,7,....nnn—1,n+2n+1
of 1,2,...,n+ 2. Note that the sum of its first n + 1 terms is equal to
2
(n+1) ";

+1,

which is not a multiple of n 4+ 1. Also note that the sum of the integers

1,2,...,n+ 2 is equal to

(n+2)x "2,

which is not a multiple of n + 2. By the induction hypothesis, it follows that
the rearrangement

2,1,4,3,6,5,8,7,....nnn—1,n+2n+1
of 1,2,...,n+ 2 is nice. This proves the Claim. O
|
Example 1.98 (India RMO 2024b P2). For a positive integer n, let R(n)
be the sum of the remainders when n is divided by 1,2,...,n. For example,

R(4)=0+0+140=1,R(7)=0+14+1+3+2+1+4+0 = 8. Find all positive
integers such that R(n) =n — 1.

Walkthrough —
(a) Note that
R(1) =0,
R(2) =0,
R(3)=0+140
=1,
R(4)=040+1+0
=1,
R(5)=0+1+2+1+0
=4,
R(6)=0+0+0+2+1+0
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=3,
R(7T)=0+14+1+3+24+1+0
:87
R(B)=0+0+24+0+3+2+1+0
=8,
R9)=0+14+04+1+4+3+2+1+40
=12,
R(10)=0+0+1+2+0+4+3+2+1+0
=13

holds.
(b) Does the above help?

Solution 86. For positive integers n and k, denote by r(n, ) the remainder
obtained upon dividing n by k. Note that any integer k > 4

R(2k) > r(2k, k — 1) + 7(2k, k + 1) + r(2k, k +2) + - - + 1(2k, 2k — 1)
=24+ (k-1)4+*k=-2)+--+1
k(k —1)

=2
+ 2

> 2k
holds. Also note that any integer k > 3,

R(2k +1) > r(2k + 1, k) +r(2k + 1,k +1)
Fr(2k+ 1 k+2) 4 +r(2k+1,2k — 1) + r(2k + 1, 2k)
—14k+ (k-1 +--+2+1

IRURCELY
>2k+1
holds. Note that
R(1) =0,
R(2) =0,
R(B)=0+140
:17
R(4)=0+0+140
=1,
RB)=0+142+140
=4
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Iaaaaaaaaaan

ai az as a4 as Qg a7 as a9 a1p a11

Figure 1: USAMO 2018 P4, Exercise 1.99

R(6)=0+0+0+2+1+0
=3

holds. This proves that the positive integers n satisfying R(n) = n — 1 are
precisely 1, 5. ]

Exercise 1.99 (USAMO 2018 P4, AoPS, proposed by Ankan Bhattacharya).
Let p be a prime, and let a1, as,...,a, be integers. Show that there exists an
integer k such that the numbers

a +k,a2—|—2kz,...,ap—|—pk:
produce at least p/2 distinct remainders upon division by p.

The following uses the fact that every integer not divisible by a prime p is
invertible modulo p, which can be proved from first principles!

Walkthrough —

(a) Note that it suffices to show that some integer k among 1,2,...,p has
the required property.

(b) Consider the integers a1, az, ..., ap, and we join each of them using an
arc as in Fig. 1.

(¢) For any two distinct integers 7, j among 1,2,...,p, show that the i-th
and the j-th ones among the numbers
a1+ k,ax + 2k, ..., ap + pk,
that is, the numbers a; + ik,a; + jk leave the same remainder upon
division by p precisely for one value of k.

(d) Let us color the arcs (see Fig. 1). We join a;, a; by an arc if the numbers
a; + ik, a; + jk leave the same remainder upon division by p. We write
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Figure 2: USAMO 2018 P4, Exercise 1.99
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()

(f)

(2)

k on that arc. See Fig. 2, where instead of writing the corresponding
integers on the arcs, we have colored them. Thinking of the integers
1,2,...,p as p colors, and we have colored the arcs instead of labelling
the arcs”.

. -1 .
Note that there are precisely % unordered pairs of the form {a;,a;},
that is, there are precisely @ arcs (see Fig. 1). Moreover, on each of
these arcs, one of the integers 1,2, ..., p is written. In Fig. 2, these arcs

are colored using at most p colors.

Conclude that for some integer k£ among 1,2,...,p, at most (p—1)/2 arcs
have the integer k written on them, that is, there are at most (p — 1)/2
unordered pairs of the form {a;,a;} such that a; + ik, a; + jk produce
the same remainder upon division by p. In Fig. 2, for some color, there
are at most (p — 1)/2 arcs of that color.

Show that” for this integer k, the numbers
ai +l€,a2+2k,...7ap—|—pk

produce at least p/2 distinct remainders upon division by p.

%Observe that all the p colors might not have been used, for instance, if any two of
at, ..

bA graph on n vertices with m edges has at least n — m connected components. This
can be proved by induction on m, and observing that introducing a new edge
reduces the number of connected components at most by 1.

., ap differ by a multiple of p.

Exercise 1.100 (I0QM 2024 P8, AoPS). Let n be the smallest integer such
that the sum of the digits of n is divisible by 5, as well as the sum of the digits
of n + 1 is divisible by 5. What are the first two digits of n in the same order?

(a)
(b)

(©)
(d)

(e)

(f)
()

Summary — Consider the last digit of n. Next consider its second last digit,
the third last digit etc.

Walkthrough —

Show that the last digit of n is 9.

Note that n has at least two digits. If n is a two-digit number, then show
that it is not equal to any integer other than 19 or 69.

Conclude that n has at least three digits, and its second last digit is 9.

If n is a three-digit number, then show that it is not equal to any integer
other than 299 or 799.

Argue similarly to show that n has at least four digits, and its third last
digit is 9.

Prove that n has at least five digits, and its fourth last digit is 9.

If n is a five-digit number, then show that it is equal to 49999.
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I Do we need to check that 49999 has the required property?
Solution 87. [}

Exercise 1.101 (British Mathematical Olympiad Round 1 2008/9 P4). Find
all positive integers n such that both n 4 2008 divides n? + 2008 and n + 2009
divides n? 4 2009.

Walkthrough —
(a)

Solution 88. Let n be a positive integer such that both n + 2008 divides
n? 42008 and n + 2009 divides n? + 2009. Note that if @ is a positive integer
such that n + a divides n? + a, then noting that

n’4+a=(n+a)*—2na—ad’+a

=(n+a)®—2a(n+a)+ad®+a,
it follows that n + a divides a? + a = a(a + 1). Thus, n + 2008 divides
2008 - 2009 = 23 - 72 - 41 - 251,
and n 4 2009 divides
2009 -2010 =2-3-5-7%-41-67.

Let us consider the case that 251 does not divide n + 2008. Since n + 2008
is greater than 23 - 72, it follows that 41 divides n + 2008. If 7 does not
divide n + 2008, then n + 2008 divides 23 - 41, which is not possible since
n + 2008 > 2009 = 72 - 41 > 23 .41. Thus, 7 divides n + 2008. Since the
integers n + 2008, n 4+ 2009 have no factor in common other than 1, it follows
that n + 2009 divides 2 - 3 -5 - 67 = 2010, which implies that n = 1.

It remains to consider the case that 251 divides n + 2008, which we assume
henceforth. Note that n + 2009 is not divisible by 4, and hence, n #Z 3 (mod 4).
Let us consider the case that n is odd. Then, n + 2008 is odd, and hence,
n + 2008 divides 72 - 41 - 251. Using n + 2008 = 1 (mod 4), 251 = 3 (mod 4)
and 41 =1 (mod 4), it follows that 7 divides n + 2008. Using n + 2008 > 2009
and n + 2008 =1 (mod 4), we obtain that n + 2008 is equal to none of

7.251,7% - 251.

Hence, n + 2008 is divisible by 7 and 41. Since the integers n + 2008, n + 2009
have no factor in common other than 1, it follows that n + 2009 divides
2-3-5-67 =2010, which implies that n = 1. It remains to consider the case
that n is even, which we assume henceforth. Since n + 2008 is greater than
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23 . 251, it follows that n + 2008 is divisible by at least one of 7,41. If each
of 7,41 divides n + 2008, then since the integers n + 2008, n + 2009 have no
factor in common other than 1, it follows that n + 2009 divides 3-5-67 = 1005,
which is impossible since n + 2009 > 2010. Thus, exactly one of 7,41 divides
n + 2008.

Let us consider the case that 7 divides n + 2008. Then n + 2009 divides
3-5-41-67. Since n + 2009 > 2010, it follows that 41 and 67 divide n + 2009.
Note that

41=-1 (mod7), 67=-3 (mod7)

holds, implying that 41 - 67 = 3 (mod 7). Since n + 2009 = 1 (mod 7), we
obtain n 4 2009 = 5 - 41 - 67, which yields

n+2008=4—-1=0 (mod 3).

Thus, n+ 2008 is divisible by 3, which is a contradiction. It remains to consider
the case that 41 divides n + 2008, which we assume henceforth. Note that
n 4 2009 divides 3 - 5 - 72 - 67. Since n + 2009 > 2010, it follows that 7 divides
n + 2009. This gives n + 2008 = —1 (mod 7). Note that 41 -251 = 41! =
(mod 7) holds. Since n+2008 is a multiple of 2-41-251, and divides 23-41-251, it
follows that one of 2, 22,23 is congruent to —1 modulo 7, which is a contradiction.
Therefore, there is only one positive integer n such that both n+2008 divides
n? + 2008 and n + 2009 divides n? + 2009, and that is n = 1. |

Exercise 1.102 (British Mathematical Olympiad Round 1 2014/15 P2). Posi-
tive integers a,b and prime p satisfy the equation

p*+a® =17

Prove that if p is a prime greater than 3, then a is a multiple of 12 and that
2(p+ a+1) is a perfect square.

Walkthrough —
(a)

Solution 89. Assume that p is a prime greater than 3. If a is not divisible by
3, then
p?+a®>=2 (mod 3)

holds, which implies that b? is congruent to 2 modulo 3. Since b? is congruent
to either 0 or 1 modulo 3, it follows that a is divisible by 3. If a is odd, then
a? is congruent to 1 modulo 8, which implies that b2 is congruent to 2 modulo
4, which is impossible. This implies that a is even. If a is congruent to one of
2, —2 modulo 8, then a? is congruent to 4 modulo 8, which implies that b? is

congruent to 5 modulo 8. Since b? is congruent to either 0, 1,4 modulo 8, it
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follows that a is congruent to one of 0,4 modulo 8. Using the fact that a is
divisible by 3 and 4, we conclude that a is a multiple of 12.
Note that
(b—a)(b+a)=p?

holds. Since p is a prime and 1 < b —a < b+ a holds, we have b — a = p? and
b+ a = 1, which yields

2a =p® — 1.
We obtain
2(p+a+1)=2p+p*—1+2=(p+1)>
This shows that 2(p + a + 1) is a perfect square. [ ]

Exercise 1.103 (RMO 2025a P4, AoPS). Prove that there do not exist positive
rational number x and y such that

11
T+y+ =+ - =2025.
Ty

Walkthrough —

(a) Consider the problem of showing that the given equation has no solutions
in positive integers.

(b) Determine and compare the denominators of both sides of

1 1
r+ — =202 —y — —.
T y

(¢) Does the above provide any insight into the original problem?

Solution 90. On the contrary, suppose there exist positive rational numbers
x and y such that
1 1
r+y+—+— =2025.
r y
Let a, b, ¢, d be positive integers such that = ¢ and y = §, where gecd(a,b) =1
and ged(e,d) = 1. Note that

1 a®+0b° 1 A+d?
r+ - = , and y+-= .
T ab y cd
Observe that
2 32 2, g2 (22
a+b _ 9095 _ € +d :2025cd (c ~&—d)7
ab cd cd

with ged(a? + b2, ab) = 1 and

ged(2025¢d — (c? + d?), ed) = ged(c® + d?, ed) = 1.
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This implies that
ab = cd.

It follows that
a? +b% + 2+ d?® = 2025¢d.

Using the integers a, b have no common prime factors, it follows that at most
one of a and b is divisible by 3. Similarly, at most one of ¢ and d is divisible
by 3. Therefore, among the four integers a,b, c,d, at most two of them are
divisible by 3. If none of them is divisible by 3, then

a2+ b+ +d>=4 (mod3)=1 (mod 3),

which is impossible since 3 divides 2025. This shows that at least one of a, b, ¢, d
is divisible by 3. Using ab = cd, it follows that at least two of a,b,c,d are
divisible by 3. Using the above, we obtain that exactly two of a,b,c,d are
divisible by 3. This implies that

A+ b+ +d>=2 (mod 3),

which is again impossible since 3 divides 2025.
This proves that there do not exist positive rational numbers z and y such
that

1 1
T +y+ -+ —=2025.
roy

|

§1.6 More on congruences
4 ) )

Theorem 1 (Wilson)

For any prime p, the congruence

(p—1!'=-1 (mod p)

holds.

. J

Example 1.104. Let n > 5 be an integer. Show that n is composite if and
only if n divides (n — 1)!.

Solution 91. If n is a prime, then by Wilson’s theorem, it follows that n does
not divide (n — 1)!. This proves the “if part”.

To prove the “only if part”, note that if n is composite, then the highest
power of any of its prime divisors is at most n—1, and hence divides (n—1)!, and
since these powers are pairwise coprime, it follows that n divides (n —1)!. W
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~N
Theorem 2 (Fermat's little theorem)
If p is prime, and a is an integer not divisible by p, then
a®”'=1 (mod p)
holds.
. J

Example 1.105. Show that for every prime number p, there exists an integer
n > 1 such that
2" 43" +6" -1

is divisible by p.

Summary — Observe that

and use Fermat’s little theorem.

Walkthrough — quad
(a) If p=2or p=3, then n = 2 works.

(b) If p > 3 holds, then does there exist a positive integer such that 2™, 3", 6™

can thought of as %, %, % modulo p respectively?

Solution 92. If p =2 or p = 3, then n = 2 works. Now, let us assume that
p > 3. Since p does not divide any of 2,3,6, by Fermat’s little theorem, it
follows that

2»"1=1 (modp), 3°'=1 (modp), 6°"'=1 (mod p).
This shows that n = p — 2 works. Indeed, the above congruences imply that
6(2P72 4372462 -1)=3+2+1-6 (modp)
holds. Since p are 6 are relatively prime, it follows that
272 13772 1 672 _1=0 (mod p).

Exercise 1.106 (IMOSL 1984 P2, AoPS). Prove that if m,n are positive
integers, then 4mn — m — n cannot be a perfect square.
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Walkthrough —
(a)

Solution 93. Let m, n be positive integers such that 4mn —m —n = k2 holds
for some positive integer k2. This yields

(4m —1)(4n — 1) = 4k* + 1.

Since 4m — 1 is a positive integer and it is congruent to 3 modulo 4, it admits
a prime divisor p satisfying p = 3 mod 4. Note that p divides 4k%2 + 1, and p
does not divide 2k. Applying Fermat’s little theorem, it follows that

p—1

(-1)"= = ((2k)>)™> =1 mod p,

which is impossible since p = 3 mod 4. ]

Example 1.107 (India RMO 1990 P4). Find the remainder when 2199 is
divided by 1990.

Solution 94. Since 199 is a prime, by Fermat’s little theorem, we obtain
2198 =1 mod 199,

which yields
21990 = 91980 . 910 1,44 199 = 29 mod 199.

Using 2* = 1 mod 5, we get
21990 = 4 mod 5 = 29 mod 5.
Since 5,199 are coprime, this shows that
2990 = 29 mod 199 - 5.

Observe that
21990 (29 + 199 - 5)

is divisible by 199 - 5, and also by 2. Since 2,199 - 5 are coprime, it follows that
21990 =29 4 199 - 5 mod 2 - 199 - 5,

which implies that
21990 = 1024 mod 1990.

So, one obtains 1024 as the remainder upon dividing 2'°° by 1990. ]
Example 1.108 (India RMO 1990 P6). N is a 50 digit number (in the decimal

scale). All digits except the 26th digit (from the left) are 1. If N is divisible
by 13, find the 26th digit.
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Solution 95. Let a denote the 26-th digit of N. The given condition yields
N=1+10+10%+--- 410" + (a — 1)10°°26.
Assume that N is divisible by 13. This gives
14+104+10% +--- +10* + (a — 1)10** = 0 mod 13.

Applying Fermat’s little theorem, we obtain 10'? = 1 mod 13, and this shows
that
10 =1mod 13, 10°° —1 =102 — 1 mod 13.

Note that
9(1+10+10% 4 - +10*) + 9(a — 1)10** = 0 mod 13
holds, which shows that
105 — 1 +9(a — 1)10%* = 0 mod 13,

and this implies that

102 — 1+ 9(a — 1) = 0 mod 13.
Since the integers 9, 13 are relatively prime, we obtain

114+ a—1=0mod 13.

It follows that a = 3. [ |

4 N
Theorem 3 (Euler)

Let n be a positive integer, and ¢(n) denote the number of integers
lying between 1 and n which are relatively prime to n. If a is an integer
relatively prime to n, then

a?™ =1 (mod n)

holds.
4

Example 1.109. Let a,b be relatively prime positive integers. Show that
there exist positive integers m, n such that

a™+b" =1 (mod ab).
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I Walkthrough — Read it modulo a and modulo b, and use Euler’s theorem.

Solution 96. Since a, b are relatively prime, it suffices to show that there exist
positive integers m,n such that

a™=1 (modbd), b"=1 (moda).
By Euler’s theorem, it follows that
a?® =1 (modb), b* =1 (moda),

and hence, the required result follows by taking m = ¢(b),n = ¢(a). |

Example 1.110 (India RMO 1993 P5). Show that 1993 — 1399 is a positive
integer divisible by 162.

Solution 97. Note that the congruences

199 = (1 + 18)% mod 9?
=1+93-18 mod 9°
=14 12-18 mod 9°
=1+8-27mod 92
=1—27mod 92
= —26 mod 9°
= 55 mod 9,

13?9 = (4 + 9)? mod 9?
= 4% 1+ 99 -4% .9 mod 92

= 4% mod 92

hold. Also note that
1 1
481 =1481-3+ (82>32 + (83)33 mod 97
=1 mod 92

holds, which yields

499 = 481 . 418 mod 81
= 4'8 mod 81
= (1 + 3)"® mod 81
18- 17 18-17-16
32
2 + 6

=1+18-3+ 33 mod 81
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=1+18-3 mod 81
= 55 mod 81.

It follows that 1992 — 499 is divisible by 81, and hence, 193 — 1399 is divisible
by 81. Since 199 — 139 is an even number, and 2, 81 are coprime, we conclude
that 1993 — 13% is divisible by 162. |

Example 1.111 (India RMO 2015f P3). Let
N:25+252 +253+“-+252015
written in the usual decimal form, find the last two digits of the number .

Solution 98. Applying Euler’s theorem, we obtain *

220 = 2¢(25) = 1 mod 25.
Note that for any integer n > 1,

5" —5=5(5""1 1) =5((1+4)""' -1)

holds, and hence we obtain 5 = 5 mod 20. This yields

2015 2015 ,

N = 9° (Z 25i—5> — 95 <Z(220)5’205> ’

i=1 i=1

and consequently, we obtain
N =2°.2015=7-15 = 5 mod 25.

Also note that N = 0 mod 4 holds. It follows that N — 80 is divisible by the
relatively prime integers 4,25, which shows that 100 divides N — 80. Hence,
the last two digits of N are 8, 0. |
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88 The content posted here and at this blog by Evan Chen are quite useful.
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