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§1 Warm up

It would be good to go through [Che25, Chapter 1, Notes on proofs].

Exercise 1.1 (Moldova National Olympiad 2000 Grade 7 Day 1 P2, AoPS).
Prove that if a, b, c, d are real numbers satisfying

a2 + b2 + (a+ b)2 = c2 + d2 + (c+ d)2,

then they also satisfy

a4 + b4 + (a+ b)4 = c4 + d4 + (c+ d)4.

Walkthrough — Observe that

x4 + y4 + (x+ y)4 = 2(x2 + xy + y2)2

holds for any real numbers x, y.

Solution 1. Let a, b, c, d be real numbers satisfying

a2 + b2 + (a+ b)2 = c2 + d2 + (c+ d)2.

This shows that
a2 + ab+ b2 = c2 + cd+ d2.

Note that for any real numbers x, y, we have

x4 + y4 + (x+ y)4 = 2
(
x4 + y4 + 2x3y + 2xy3 + 3x2y2

)
= 2(x2 + xy + y2)2.

It follows that
a4 + b4 + (a+ b)4 = c4 + d4 + (c+ d)4.

■
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Exercise 1.2 (Moldova National Olympiad 2000 Grade 9 Day 1 P2, AoPS).
Prove that if a, b, c are integers with a+ b+ c = 0, then 2a4 + 2b4 + 2c4 is a
perfect square.

Walkthrough — Note that a4 + b4 + (a+ b)4 = 2(a2 + ab+ b2)2 holds for all
integers a, b.

Solution 2. Let a, b, c be integers satisfying a+ b+ c = 0. Note that

2a4 + 2b4 + 2c4 = 2a4 + 2b4 + 2(a+ b)4

= 2(a4 + b4 + (a+ b)4)

= 4(a4 + b4 + 2a3b+ 2ab3 + 3a2b2)

= 4(a2 + ab+ b2)2,

which is a perfect square. ■

Exercise 1.3 (RMO 2025a P2, AoPS). Let a, b, c be distinct nonzero real
numbers satisfying

a+
2

b
= b+

2

c
= c+

2

a
.

Determine the value of |a2b+ b2c+ c2a|.

Walkthrough —

(a) Divide the given relation by
√
2 and obtain suitable distinct nonzero real

numbers x, y, z satisfying

x+
1

y
= y +

1

z
= z +

1

x
.

(b) Let the common value of the above three expressions be λ.

(c) Consider the function f : R \ {λ} → R, defined by

f(ξ) =
1

λ− ξ
for all ξ ∈ R \ {λ} .

(d) Show that for any ξ ∈ {x, y, z}, the elements ξ, f(ξ), f(f(ξ)) lie in R\{λ},
and that the relation f(f(f(ξ))) = ξ holds.

(e) Prove that this yields a quadratic polynomial p(ξ) in ξ such that (λ2 −
1)p(ξ) vanishes at x, y, z.

(f) Deduce that λ = 1 or λ = −1.

(g) Show that it suffices to consider the case λ = 1.
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(h) In the case λ = 1, express y, z in terms of x, and compute the value of
|x2y + y2z + z2x|.

Solution 3. Let x, y, z be real numbers defined by

x =
a√
2
, y =

b√
2
, z =

c√
2
.

Note that x, y, z are also distinct nonzero real numbers. Using the given relation,
we have

x+
1

y
= y +

1

z
= z +

1

x
.

Let this common value be λ, that is, λ denotes the real number which is equal
to any of

x+
1

y
, y +

1

z
, z +

1

x
.

Consider the function f : R \ {λ} → R, defined by

f(ξ) =
1

λ− ξ
for all ξ ∈ R \ {λ} .

Since y, z, x are nonzero real numbers, it follows that none of x, y, z is equal to
λ, that is, x, y, z are elements of R \ {λ}. Using the definition of f , we obtain

f(x) = y, f(y) = z, f(z) = x.

Note that x, f(x), f(f(x)), y, f(y), f(f(y)), z, f(z), f(f(z)) are elements of R \
{λ}, and that

f(f(f(x))) = x, f(f(f(y))) = y, f(f(f(z))) = z

hold. If ξ is an element of R such that ξ, f(ξ), f(f(ξ)) lie in R \ {λ} and
f(f(f(ξ))) = ξ holds, then we have

f(ξ) =
1

λ− ξ
,

f(f(ξ)) = f

(
1

λ− ξ

)
=

1

λ− 1
λ−ξ

=
λ− ξ

λ(λ− ξ)− 1
,

f(f(f(ξ))) = f

(
λ− ξ

λ(λ− ξ)− 1

)
=

1

λ− λ−ξ
λ(λ−ξ)−1
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=
λ(λ− ξ)− 1

(λ2 − 1)(λ− ξ)− λ
,

and hence, we obtain
λ(λ− ξ)− 1

(λ2 − 1)(λ− ξ)− λ
= ξ,

which yields
λ2 − 1− λξ = ξ(λ2 − 1)(λ− ξ)− λξ,

which is equivalent to

(λ2 − 1)(ξ2 − ξλ+ 1) = 0.

Note that the polynomial (λ2 − 1)(ξ2 − ξλ+ 1) in the variable ξ has degree 2
unless λ2 − 1 = 0. Since x, y, z are distinct roots of this polynomial, it follows
that λ2 − 1 = 0, that is, λ = 1 or λ = −1.
Note that it suffices to consider the case λ = 1, since the case λ = −1 can

be reduced to this case by replacing a, b, c by −a,−b,−c respectively (and
replacing x, y, z by −x,−y,−z respectively, as a consequence), and replacing
λ by −λ. Also note that replacing a, b, c by −a,−b,−c respectively does not
change the value of |a2b+ b2c+ c2a|. Thus, we consider the case λ = 1. In this
case, we have

x+
1

y
= 1, y +

1

z
= 1, z +

1

x
= 1.

From these, we obtain

y = f(x) =
1

1− x
, z = f(f(x)) =

1− x

1(1− x)− 1
= 1− 1

x
.

Using these, we have

x2y + y2z + z2x = x2 · 1

1− x
+

(
1

1− x

)2

·
(
1− 1

x

)
+

(
1− 1

x

)2

· x

=
x2

1− x
+

1

(1− x)2
· x− 1

x
+

(1− x)2

x

=
x2

1− x
− 1

x(1− x)
+

(1− x)2

x

=
x3 − 1 + (1− x)3

x(1− x)

=
−3x2 + 3x

x(1− x)

=
3x(1− x)

x(1− x)

= 3,
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where the final equality follows using that x ̸= 0, x ̸= λ, λ = 1. Therefore, we
have

|a2b+ b2c+ c2a| = |23/2(x2y + y2z + z2x)| = |23/2 · 3| = 3 · 23/2 = 6
√
2.

■

Solution 4. Using the given condition, we obtain

a− b =
2

bc
(b− c),

b− c =
2

ca
(c− a),

c− a =
2

ab
(a− b),

which implies that

(a− b)(b− c)(c− a) =
8

(abc)2
(a− b)(b− c)(c− a).

Since a, b, c are distinct, it follows that

|abc| = 2
√
2.

Also, from the given condition, we have

ab+ 2

b
=

bc+ 2

c
=

ca+ 2

a
.

Let this common value be µ. Note that

a(ab+ 2) + b(bc+ 2) + c(ca+ 2) = µ(ab+ bc+ ca),

c(ab+ 2) + a(bc+ 2) + b(ca+ 2) = µ(ab+ bc+ ca)

hold, which yields
a2b+ b2c+ c2a = 3abc.

Therefore, we have

|a2b+ b2c+ c2a| = 3|abc| = 3 · 2
√
2.

This completes the solution. ■

Example 1.4 (G. Galperin, Tournament of Towns, Autumn 1989, Junior, O
Level, P4). Find the solutions of the equation

x+
1

y + 1
z

=
10

7
(1)

in positive integers.
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Solution 5. Let x, y, z be positive integers satisfying Eq. (1). Since y ≥ 1 and
1
z > 0, it follows that y + 1

z > 1, which gives 0 < 1
y+ 1

z

< 1. Using Eq. (1), it

follows that x = 1, and hence y + 1
z = 7

3 . By a similar argument as above1, it
follows that y = 2 and consequently, z = 3.

Moreover, for x = 1, y = 2, z = 3, Eq. (1) holds.
This proves that x = 1, y = 2, z = 3 is the only solution2 of Eq. (1). ■

Remark. Is the statement that for x = 1, y = 2, z = 3, Eq. (1) holds in the
above argument redundant? Or, is it not so? Think about it. Further, it would
be worth going through [Che25, Chapter 1].

Exercise 1.5 (IMO 1959 P1, AoPS, proposed by Poland). Prove that the
fraction

21n+ 4

14n+ 3

is irreducible for every natural number n.

We need to show that 21n+ 4, 14n+ 3 have no factor in common other than
1 for every natural number n.

Summary — It follows from considering the greatest common divisor of the
numerator and the denominator.

Walkthrough —

(a) The summand 21n from the numerator and the summand 14n from the
denominator do not “balance well”.

(b) One way “enforce balancing” would be to consider

2 · 21n− 3 · 14n,

which vanishes.

(c) Does the above “ad hoc thoughts” help to conclude?

Solution 6. Let n be a natural number. It is enough to show that the greatest
common divisor of the integers 21n+ 4, 14n+ 3 is equal to 1. Note that any
common divisor of 21n+ 4, 14n+ 3 divides

2(21n+ 4)− 3(14n+ 3) = −1.

1Write the argument instead of resorting to using “by a similar argument” unless it is clear
to you. Even then, consider it as an exercise and write it down!

2It means x = 1, y = 2, z = 3 is a solution to Eq. (1), and that it is the only solution, i.e. if
we are given a solution, it cannot be different from x = 1, y = 2, z = 3. Does the above
argument prove both?
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This shows that the greatest common divisor of the integers 21n+ 4, 14n+ 3 is
equal to 1, completing the proof. ■

Example 1.6 (India RMO 2019a P4). Consider the following 3 × 2 array
formed by using the numbers 1, 2, 3, 4, 5, 6,a11 a12

a21 a22
a31 a32

 =

1 6
2 5
3 4

 .

Observe that all row sums are equal, but the sum of the square of the squares
is not the same for each row. Extend the above array to a 3× k array (aij)3×k

for a suitable k, adding more columns, using the numbers 7, 8, 9, . . . , 3k such
that

k∑
j=1

a1j =

k∑
j=1

a2j =

k∑
j=1

a3j and

k∑
j=1

(a1j)
2 =

k∑
j=1

(a2j)
2 =

k∑
j=1

(a3j)
2

Solution 7. Note that1 6 2 + 6 5 + 6 3 + 2 · 6 4 + 2 · 6
2 5 3 + 6 4 + 6 1 + 2 · 6 6 + 2 · 6
3 4 1 + 6 6 + 6 2 + 2 · 6 5 + 2 · 6


works. ■

Exercise 1.7 (Tournament of Towns Spring 2014, Senior, A Level P3, by I. I.
Bogdanov). The King called two wizards. He ordered First Wizard to write
down 100 positive real numbers (not necessarily distinct) on cards without
revealing them to Second Wizard. Second Wizard must correctly determine all
these numbers, otherwise both wizards will lose their heads. First Wizard is
allowed to provide Second Wizard with a list of distinct numbers, each of which
is either one of the numbers on the cards or a sum of some of these numbers.
He is not allowed to tell which numbers are on the cards and which numbers
are their sums. Finally the King tears as many hairs from each wizard’s beard
as the number of numbers in the list given to Second Wizard. What is the
minimal number of hairs each wizard should lose to stay alive?

Walkthrough —

(a)

Solution 8. ■

Exercise 1.8 (Tournament of Towns Spring 2020, Junior O Level P4, by
Alexandr Yuran). For some integer n, the equation x2+y2+z2−xy−yz−zx = n
has an integer solution x, y, z. Prove that the equation x2 + y2 − xy = n also
has an integer solution x, y.

8 The content posted here and at this blog by Evan Chen are quite useful.
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Walkthrough —

(a) Note that the identity

x2 + y2 + z2 − xy − yz − zx = (x− y)2 − (x− y)(z − y) + (z − y)2

holds.

Solution 9. ■

Example 1.9 (India RMO 2015e P3). Find all fractions which can be written
simultaneously in the forms

7k − 5

5k − 3
and

6ℓ− 1

4ℓ− 3

for some integers k, ℓ.

Solution 10. The solution relies on the following claim.

Claim — Suppose k, ℓ are integers. Then the equality

7k − 5

5k − 3
=

6ℓ− 1

4ℓ− 3

is equivalent to the pair (k, ℓ) being equal to one of

(0, 6), (1,−1), (6,−6), (13,−7), (−2,−22), (−3,−15), (−8,−10), (−15,−9).
(2)

Proof of the Claim. Suppose k, ℓ are integers. Observing that 5k−3 and 4ℓ−3
are nonzero, it follows that

7k − 5

5k − 3
=

6ℓ− 1

4ℓ− 3

⇐⇒ (7k − 5)(4ℓ− 3) = (5k − 3)(6ℓ− 1)

⇐⇒ 28kℓ− 20ℓ− 21k + 15 = 30kℓ− 18ℓ− 5k + 3

⇐⇒ 2kℓ+ 2ℓ+ 16k − 12 = 0

⇐⇒ kℓ+ ℓ+ 8k − 6 = 0

⇐⇒ (k + 1)(ℓ+ 8) = 14.

This implies that k + 1 is equal to

±1,±2,±7,±14,

i.e. k is equal to
0, 1, 6, 13,−2,−3,−8,−15. (3)
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It follows that

(k + 1)(ℓ+ 8) = 14

is equivalent to (k, ℓ) being equal to one of the pairs as in Eq. (2). This proves
the Claim.

Note that if a fraction can be written simultaneously in the forms

7k − 5

5k − 3
and

6ℓ− 1

4ℓ− 3

for two integers k, ℓ, then the Claim implies that (k, ℓ) is equal to the pairs as
in Eq. (2), and then k is equal to the integers as in Eq. (3), and consequently,
the fraction 7k−5

5k−3 , which is equal to 6ℓ−1
4ℓ−3 (by the Claim again), is also equal to

5

3
, 1,

37

27
,
43

31
,
19

13
,
13

9
,
61

43
,
30

19
. (4)

Further3, observe that the preceeding argument also proves that these fractions
can be written simultaneously in the forms as stated above. Indeed, if (k, ℓ) is
one of the pairs as in Eq. (2), and then k is equal to the integers as in Eq. (3),
and consequently, the fraction 7k−5

5k−3 , which is equal to 6ℓ−1
4ℓ−3 (by the Claim), is

also equal to the fractions as in Eq. (4).
We conclude that the fractions as in Eq. (4) are precisely all the fractions

with the required property. ■

Example 1.10 (India RMO 2016e P5).

(i) A 7-tuple (a1, a2, a3, a4, b1, b2, b3) of pairwise distinct positive integers
with no common factor is called a shy tuple if

a21 + a22 + a23 + a24 = b21 + b22 + b23

and for all 1 ≤ i < j ≤ 4 and 1 ≤ k ≤ 3, a2i + a2j ̸= b2k. Prove that there
exist infinitely many shy tuples.

(ii) Show that 2016 can be written as a sum of squares of four distinct natural
numbers.

3Note that the argument needs to go on since what we have proved so far does not complete
the solution. The previous step only says that if a fraction can be written simultaneously
in the forms as stated above (and a priori, it is not clear if there is even a single fraction
that can be expressed simultaneously in the stated forms), then the fraction cannot be
anything other than

5

3
, 1,

37

27
,
43

31
,
19

13
,
13

9
,
61

43
,
30

19
.

This does not guarantee if any of these fractions enjoy the stated property.
If this causes any confusion, then it would be a good idea to go through [Che25,

Chapter 1].
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Solution 11. For any integer n ≥ 2,

(3, 4, 3n, 4n, 3(n2 − 1), 6n, 4(n2 + 1))

is a 7-tuple of pairwise distinct positive integers, and these integers have no
common factor. This proves part (i).

Note that 2016 = 25 · 32 · 7 holds. Observe that 2 · 32 · 7 can be expressed as
42 + 52 + 62 + 72. This gives

2016 = 25 · 32 · 7 = 162 + 202 + 242 + 282,

expressing 2016 as the sum of the squares of four distinct natural numbers. ■

Remark. The identity

(x+ y)2 + (x− y)2 = 2(x2 + y2)

can also be used to look for shy tuples. Note that

(x− 3y)2 + (x− y)2 + (x+ y)2 + (x+ 3y)2 = 2(x2 + 9y2) + 2(x2 + y2)

= (2x)2 + 20y2

= (2x)2 + (2y)2 + (4y)2.

This leads to considering the tuple (x − 3y, x − y, x + y, x − 3y, 2x, 2y, 4y).
To make it a shy tuple, one can take x, y to be positive integers satisfying
x− 3y ≥ 1, and one can impose the condition that x, y are coprime, along with
the additional condition that x, y are of different parity.

Alternatively, one can make use of the following identity.

(a+ b+ c)2 + (−a+ b+ c)2 + (a− b+ c)2 + (a+ b− c)2 = (2a)2 + (2b)2 + (2c)2.

For more details, we refer to this AoPS thread.
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